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PREFACE

The computer model described in this report, called VST2D, was designed
to simulate coupled water-heat-sol ute transport in heterogeneous, anisotropic,
two-dimensional, ground-water systems with variable fluid density. The VST2D
model was verified against analytic and numerical solutions for problems of water
transport under isohaline and isothermal conditions, heat transport under isobaric
and isohaline conditions, and solute transport under isobaric and isothermal condi-
tions. The coupled water-heat-solute transport problem was compared to meas-
ured laboratory results for which no known analytic solutions or numerical
models are available.

Whereas these test results indicate that VST2D is accurate and applicable
for awide range of conditions, including when water (liquid and vapor), heat (sen-
sibleand latent), and solute (single species) are coupled, future applications of this
program could reveal errors not previously detected. Users are requested to notify
the author if errorsare found in either the VST 2D report or the computer program.
The user is further reminded that achieving a successful simulation is not depen-
dent soley on applying awell-formulated numerical model. The user’s knowledge
and understanding of ground-water hydraulics, heat transfer, chemical processes,
and model limitations are equally important in arriving at awell-posed simulation.

The code for thismodel is available for downloading over the Internet from
aU.S. Geological Survey (USGS) software repository, accessible from the USGS
Water Resources Information and Illinois District Web pages at URL
http: //water.usgs.gov/software and http: /il .water.usgs.gov/usgs/computer s/'vst2d/,
respectively.

Preface
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CONVERSION FACTORS

Multiply By To obtain
Length
nanometer (nm) 0.00003937 inch
centimeter (cm) 0.3937 inch
centimeter (cm) 0.03281 foot
meter (m) 3.281 foot
Mass
kilogram (kg) 2.205 pound (avoirdupois)
Density
kilogram per cubic meter (kg m™3) 0.06242 pound per cubic foot
Energy
joule (J) 4.187 caorie
Force
Newton (N) 1 joule per meter
Power
Watt (W) 1 joule per second
Watt (W) 1 kilogram meter squared per cubic second
Pressure head
Newton per meter squared (N m?) 10°° bar
centimeter (cm) 10.2 centibar
Volumetric Heat capacity
Joule per cubic meter degree Kelvin (Jm3 K1) .000000239 calorie per cubic centimeter degree Celsius
Thermal Conductivity
Watt per meter degree Kelvin (W m iK% 20460 calorie per meter day degree Celsius
Heat flux
Weatt per meter squared (W m‘2) 0.000048461 calorie per meter squared day
Liquid flux
meter per day (m d™}) 3.281 feet per day

Temperature in degrees Celsius (°C) may be converted to degrees Fahrenheit (°F) as follows:

°F= (1.8x°C) +32.

To convert degree Celsius (°0) to degree Kelvin (K) use the following formula

K=°C+ 273.

To convert pressure head to potential multiply by the product of fluid density (p,) and gravitational

constant (g).
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Documentation and Verification of VST2D:

A Model for Simulating Transient, Variably
Saturated, Coupled Water-Heat-Solute Transport
In Heterogeneous, Anisotropic, 2-Dimensional,
Ground-Water Systems with Variable Fluid Density

By M.J. Friedel

Abstract

This report describes amodel for ssimulating transient, Variably Saturated, coupled water-heat-
solute Transport in heterogeneous, anisotropic, 2-Dimensional, ground-water systemswith variable fluid
density (VST2D). VST2D was developed to help understand the effects of natural and anthropogenic
factors on quantity and quality of variably saturated ground-water systems. The model solves
simultaneously for one or more dependent variables (pressure, temperature, and concentration) at nodes
inahorizontal or vertical mesh using aquasi-linearized general minimum residual method. Thisapproach
enhances computational speed beyond the speed of asequential approach. Heterogeneous and anisotropic
conditions areimplemented locally using individual element property descriptions. Thisimplementation
allowslocal principal directionsto differ among elements and from the global solution domain
coordinates. Boundary conditions can include time-varying pressure head (or moisture content), heat,
and/or concentration; fluxes distributed along domain boundaries and/or at internal node points; and/or
convective moisture, heat, and sol ute fluxes along the domain boundaries; and/or unit hydraulic gradient
along domain boundaries. Other model featuresinclude temperature and concentration dependent density
(liquid and vapor) and viscosity, sorption and/or decay of a solute, and capability to determine moisture
content beyond residual to zero. These features are described in the documentation together with
development of the governing equations, application of the finite-element formulation (using the
Galerkin approach), solution procedure, mass and energy balance considerations, input requirements, and
output options.

TheVST2D model was verified, and results included solutions for problems of water transport
under isohaline and isothermal conditions, heat transport under isobaric and isohaline conditions, solute
transport under isobaric and isothermal conditions, and coupled water-heat-solute transport. The first
three problems considered in model verification were compared to either analytical or numerical
solutions, whereas the coupled problem was compared to measured |aboratory results for which no
known analytic solutions or numerical modelsare available. Thetest resultsindicate the model isaccurate
and applicablefor awiderange of conditions, including when water (liquid and vapor), heat (sensibleand
latent), and solute are coupled in ground-water systems. The cumulative residual errors for the coupled
problem tested was less than 10" cubic centimeter per cubic centimeter, 10" moles per kilogram, and
102 calories per cubic meter for liquid water content, solute concentration and heat content, respectively.
This model should be useful to hydrologists, engineers, and researchers interested in studying coupled
processes associated with variably saturated transport in ground-water systems.
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INTRODUCTION

Understanding the effects that natural and anthropogenic factors have on the quantity and quality of ground-
water recharge and/or discharge in the United Statesis of practical interest to hydrologists, engineers, and policy
makers for accurate water-resource assessment and to minimize the potential for contamination of drinking-water
supplies. In many regions, ground-water recharge and/or discharge occur through an unsaturated (or vadose) zone
subject to complex time-space variations in natural and anthropogenic factors. Examples of natural factors affect-
ing ground-water recharge and/or discharge include subsurface properties (physical, chemical, and biological),
topography, ambient conditions (water content, temperature, and chemical concentration), and climatic conditions
(evaporation, temperature, and precipitation). Some anthropogenic factors affecting the ground-water system
include application of fertilizers and pesticides, pumping of irrigation and domestic supply wells, and use of
agricultural drainage systems. In response to these factors, the quantity and quality of ground-water recharge
and/or discharge is directly related to the simultaneous coupling of gravitational, pressure, temperature and
osmotic potentials. The coupled effect of these potentialsis poorly understood and a major deficiency in current
ground-water models.

In recent years, researchers and engineers have devel oped rel evant theories and related numerical models
to study certain coupled problems in saturated, unsaturated, and variably saturated (saturated and/or unsaturated)
ground-water systems. A coupled problem is governed by a set of linear (saturated ground water) or nonlinear
(variably saturated ground water) partial differential equations derived from mass conservation laws that describe
water-sol ute transport, water-heat transport, or water-heat-solute transport. The actual number of governing
mathematical equationsisequal to the number of State variables, for example, pressure, temperature, and/or solute
concentration. Examples of saturated water-solute transport models are numerous, with reviews provided by the
National Research Council (1990) and Segol (1994). Saturated water-sol ute transport model swill not be discussed
further because this report focuses on variably saturated transport. Examples of coupled unsaturated or variably
saturated water-sol ute transport model sinclude those devel oped by Voss, 1984; Healy, 1990; Yeh and others, 1993;
and Simunke and others, 1994.

Thefirst mathematical theory that explained coupled water-heat transport in unsaturated porous mediawas
developed by Philip and de Vries (1957). In that theory, equations were devel oped that described movement of
liquid and vapor as aconseguence of gradientsin temperature and water content. By introducing the pressure head
as a dependent variable instead of water content, Milly (1982) generalized the Philip and de Vries equationsto
heterogeneous soils. Several numerical models were developed on the basis of this theory and used to simulate
unsaturated water-heat transport in the laboratory and field (Schieldge, 1982; Milly, 1984; Passerat de Silans and
others, 1989; Scanlon and Milly, 1994; Braud and others, 1995; Friedel and Nieber, 1995; Healy and Ronan, 1996).
Voss (1984) developed a numerical model to account for density-dependent water flow in variably saturated
ground-water systems with either thermal energy or solute transport. Laboratory observations of solute redistribu-
tion subject to moisture, temperature, and osmotic gradients (Nassar and Horton, 1989a) motivated devel opment
of ageneralized set of coupled governing equations for water-heat-solute transport in unsaturated porous media
(Nassar and Horton, 1992). These equations were incorporated into a one-dimensional, steady-state, numerical
model for verification of theselaboratory observations (Nassar and Horton, 1992). Later, Scanlon and Milly (1994)
used atransient one-dimensional unsaturated transport model to study the response of water (liquid and vapor) and
heat flux to atmospheric forcing in the Chihuahuan Desert of Texas. Recently, Noborio and others (1996) devel-
oped atransient unsaturated water (liquid, no vapor)-heat-sol ute transport model to study the redistribution of
mass and energy in ahomogeneous and isotropic furrow-irrigated Midwest soil. Currently, the coupled subsurface
transport of mass and energy under variably saturated, heterogeneous, and anisotropic conditions with variable
fluid density is poorly understood and a major deficiency in existing numerical models.

The purpose of this report isto document, describe, and verify anumerical model for simulating transient,
Variably Saturated, coupled water-heat-solute T ransport in heterogeneous, anisotropic, 2-Dimensional (V ST2D),
ground-water systems with variable fluid density. To more effectively study natural and anthropogenic factors on
coupled variably saturated subsurface transport phenomena, mathematical equations were devel oped to describe
the simultaneous and coupled movement of mass (water and solute) and energy (heat). The ability to describe
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coupled transport phenomenain variably saturated ground-water systemsis achieved through spatial discretization
of pressure head, temperature, and chemical concentration for each equation. Next, these equations are trans-
formed into a set of nonlinear algebraic equations using the Galerkin finite-element formulation to transform
space derivatives, and the finite-difference method to discretize time. Various model properties, boundary
conditions, and a nonlinear solution method are implemented to arrive at a numerical solution for which various
problems are evaluated. Finally, a section on verification of theVST2D model isincluded for problems of water
transport under isohaline and isothermal conditions, heat transport under isobaric and isohaline conditions, solute
transport under isobaric and isothermal conditions, and coupled water-heat-sol ute transport.

THEORETICAL BACKGROUND

Governing Equations

In the subsurface, temperature gradients affect the water potential and induce liquid and vapor movement
in ground-water systems. Reciprocally, water potential gradients cause water movement that transports heat and
solutes. The simultaneous occurrence of temperature, pressure head, and chemical concentration gradientsin
geologic materials cause the transport of heat, water, and solute. The development of equations for coupling of
water, heat, and solute transport under field conditions is described in the following sections.

Water Transport

In deriving an equation for water transport, the law of mass conservation is applied. The law of mass
conservation (or continuity principle) states that the difference between the mass flux in and out is equal to the
rate change of mass stored in a control volume of the aguifer (fig. 1). Considering only the liquid mass flux, the
total massinflow rate perpendicular to the y-z planeis

p O, AyAz, 1

where
q' Ly 1Stheliquid water flux (specific discharge) in the x-direction [m dl;
p, isthedensity of liquid water [kg m™3];
Ax, Ay, and Az are the respective control volume lengthsin the x-, y- and z-directions;
AyAz isthe area of elemental face perpendicular to the flux direction; and
L isasubscript indicating the liquid water phase.

Using a Taylor series expansion, thefirst-order approximation for outflow rate of fluid mass through the right face
perpendicular to the y-z planeis given by

[qu'LX + (%((p,_q’LX)Ax}AyAz. @
The net mass liquid water flux in the x-direction is then the difference between equations 1 and 2, expressed as

- ;—X(qu'LX)AxAyAz. (©))
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Similarly, the net fluxes along the y- and z-directions are cal culated and combined to represent the net flux associ-
ated with the control volume. Summing these three net fluxes and allowing for a point and distributed source and/
or sink in the control volume resultsin

~0(pLd' DAV +Qp AV +Q 4P AV, %

where
O ={0/9x, 0/dy, 0/0Z} T or d/dx i + d/dy j + d/0zk, isthe gradient operator [m™],
{}7 isthetranspose of vector { },
AV = Ax Ay Az isthe control volume,
g’ isavector of discharge values, and
QLp: Qg are the respective point and distributed source and/or
sink for liquid water [m d™1].
The rate change of liquid water mass, or storage, in the control volume can be described by

%(pLGSSAV) . (5)

where
Bg isthe saturated moisture content (or porosity) [cm3em
t istime[d], and
S isthe saturation 0 < S< 1).
By equating the net liquid water flux in equation 4 and storage term in equation 5 and dividing through by the
control volume, the mass balance expression becomes

3,

%(F)Less)z —0(pP A’ + QLpPL + QugPy - (6)

Taking the AV out of the time derivative assumes the dimensions of the control volume do not change with time.
Using the chain rule, the storage term given on the left-hand-side of equation 6 can be expanded to

0 . 9 00 0S
a(pLesS) = eSS(‘ﬁ + pLS(Tt + espLa . (7)

Thefirst term relates to the fluid compressibility, the second term relates to the compressibility of the porous
matrix, and thethird term relatesto the changein fluid saturation. Becausethefluid density isafunction of pressure
head, using the chain rule and accounting for fluid compressibility gives

_ oy
ot _apat prgpLa ) (8)

where
) isthe water pressure head, [m],
g isthe gravitational acceleration [m s,
w=p, L dp /dP isthefluid compressibility [4.40 x 1071° m? N},
P =Py +p_ gy ispressureat apoint in the aquifer [N m'2],
Po isthe atmospheric pressure [N m2], and
dP =p_gdy.

Theoretical Background 5



By convention, water pressure head is positive in the saturated zone and negative in the unsaturated zone.
Writing the saturation as afunction of pressure head and using the chain rule, the fluid saturation term in equation
8 resultsin

0S_ o 0SW_ 00 3W_ . Y 9)

Sot~ “Sopat  oyot Vot !

where

Cy = 06,/0y isthe moisture capacity [m™].
At saturation (S= 1 and 8, = 65), the moisture capacity and this term becomes equal to zero. Therefore, thisterm
is effective only under unsaturated conditions (S< 1). The porous medium compressibility (inverse of modulus of
elasticity) can be described, assuming vertical strain is much greater than the horizontal strain, by

065 0V, o0, do, _0p P
E—FZ—E——QE—Q&—QpLgal (10)

where
V, isthe velocity of solid particlesin the vertical direction [m s,
e, isthestrainin vertical direction [mY/m™],
Oo=07- Py, istheeffective stress[N m?],
o7 isthetotal stress[N m?],
py=Wp g isthewater pressure [N m?,
Q isthe porous medium coefficient of vertical compressibility [m? N1,
g isthe gravitational acceleration [m s?], and
pLg isthe specific unit weight of water [N m™].
Substituting the results for fluid compressibility (equation 8), fluid saturation (equation 9), and porous
medium compressibility (equation 10) into the equation of mass conservation (equation 6), and dividing through
by the liquid density gives

, 0 9 .
pLA a*::p + pLCwa—ltp= =0(p a') + pLQLp + pLQLpd ) (ll)

where
N'=0s8wp g+ Xp, g, isastorativity-type term [m™1]. Thisterm isimportant only where changesin
porous media and fluid compressibility exceed changes in saturation,
for example, in the pumping of confined saturated ground-water systems.
Using variable substitution for the capacitance term and generalizing mass conservation for water to includeliquid
and vapor, this expression becomes

00 00
PLAS b+ pLaV: =0(PLA') +PLQ p+ QP 4+ PLQy, + PLQy, (12

where
N= /\’Cw'1 + 1 isadimensionless storativity-type term,
6,, = 6, + By, isthetota water content,
8, =6g- 8, istheliquid water content,
By =0, py Pt isthewater vapor content,
Pv = Pohy isthe water vapor density [kg m,
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P, iSthe saturated water vapor density [kg m3,
hy istherelative humidity,
0a = 05 6,, isthe volumetric air content,
qw=0qy+q, isthetotal water flux [md,
qy isthewater vapor flux [m d], and
L,V aresubscriptsindicating water phases:. liquid and vapor, respectively.
Using water content time derivative termsis advantageous because this form is mass conservative.
An equation for total water flux (vapor and liquid) that takes into account the coupling of matric, tempera-
ture, osmotic, and gravitational potentials can be written (Philip and DeVries, 1957; Nassar and Horton, 1989,
Naborio and others, 1996) as

1 qW
G = 5 = ~Dof® \-DrOT +DIC —KIE, (13)

where
Oy =0y + g isthetotal masswater flux [kg m?dY;
gy isthe masswater vapor flux [kg m? dy];
g, isthe massliquid water flux [kg m?dY];

0, C,and T are subscripts indicating dependent variables:
water content, solute concentration, and
temperature, respectively;

D =Dy + Dy isthethermal moisture diffusivity [m? dt °C™Yj;
Dg = Dgy + Dg, isthe isothermal moisture diffusivity [m? d"{];
Dc =Dcy + D isthe solute moisture diffusivity [m? d kg mol™;
Dpy = DLaBn h, p,. ! isthe thermal vapor diffusivity [m? dt °C™Y;
Dy =K (@ Gy Y7 - 09 00/AT) isthe thermal liquid diffusivity [m? d'™* °C*Y;
Dev = Cy ™ MDeBypohya/p| RT isthe isothermal vapor diffusivity (m? d™);
Dg. =K Cw'l istheisothermal liquid diffusivity [m2 d;
Doy = Debypohgp, Mov isthe solute vapor diffusivity [m? d kg mol™Y];
DcL= K(YY ¢ -0¢ 00/0C) isthe solute liquid water diffusivity
[m? dt kg mol™Y;
D isthe molecular diffusivity of water vapor in air
[m? d;
By = Bg- 0, istheair-filled porosity;
a isthe mean ionic solution activity;
b=0, Alp,t (6, <6;)orb=6, At pbt (6, >=8,) istheone-half of the water film thickness [nm;
C isthe solute concentration [mol kg™4];
E isthe elevation head [m];
fo isthefractional clay content;
g isthe gravitational acceleration constant
[9.81 ms?;

Gyt isagain factor used to compensate for
underestimation of temperature-induced
changes when only surface tension is
considered (Nimmo and Miller, 1986);

hy = hyhy isthe relative humidity;
hp, = exp(g MW/RT) istherelative humidity because of a soil matric
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potential;
hoy = exp(Mv@C) isthe relative humidity because of an osmotic
potential;
K= {KXX KXY] is the hydraulic conductivity tensor (individual
Kyx Kyy values are a function of moisture or pressure
head, viscosity, temperature, and orientation)
[md;
Ky = Ky
cos” & + Kysin? 3,
Kyy = Ky= (Ky - Ky) sind cosd,

Kyy = Ky, Sin? 3 + Ky-cos? & are the tensoral components of hydraulic
conductivity that arise when principal directions
of hydraulic conductivity in one or more
elements do not coincide with the global
domain coordinate axes (Strack, 1989);

Ky and Ky, are values of hydraulic conductivity along principal
directionsin an element;
0 isthe angle between local and global principal
coordinate directions (see figure 2);
K isdegreesKelvin;
M isthe molecular weight of liquid water
[0.018015 kg molY];
rs isthe hydrated radius of the solute [m];
ry istheradius of awater molecule [nm];
R isthe universal gas constant [8.3143 Jmol 1 KY;
t isthetime[d];
T isthetemperature [°C];
T isthe temperature [K];
xandy are Cartesian coordinates (horizontal or vertical);
B =0po /0T [kg m™°CT];
y isthe surface tension of water over air [mN m™;
yo'=y 1 aylaC isaconcentration coefficient [kg molY;
vy =y L oyldT isatemperature coefficient [°CY;
€=(0g- OL)2’3 isafactor accounting for tortuosity;
n isafactor used to adjust the underestimation of
microscopic temperature gradients
(greater than 1);
8, istheliquid water (moisture) content;
v isthe number of ions per molecule for anionizing
solute;
P, isthe bulk density [kg m™];
0g=(rg-ry)/(b-ry) isthe osmotic efficiency coefficient;
¢ isan osmotic coefficient (Robinson and Stokes,
1965);
0y/oC isthe change in surface tension with concentration
[0.001634 mN kg molY];

8 Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in
Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density



EXPLANATION

X,Y PRINCIPAL AXES ASSOCIATED WITH SOLUTION DOMAIN

’ ’

X,Y PRINCIPAL AXES ASSOCIATED WITH ELEMENT
d ANGLE BETWEEN PRINCIPAL ELEMENT AND SOLUTION DOMAIN AXES

Ky’, K PRINCIPAL ELEMENT ORIENTATION OF HYDRAULIC CONDUCTIVITY AXES

|:| ELEMENT WITH ARBITRARY MATERIAL

Figure 2. Relation of local and global coordinates.

dy/0T isthe change in surface tension with temperature
[mNmicy;
90/T = RMglin(a) = RpvCg? isthe change in osmotic head with temperature
[meCY;
90/0C =TC190/aT (C > 0.001 mol kg'}) and
00/dC = -4091 (C < = 0.001 mol kg!) are the change in osmotic head with concentration
[m kg mol™Y]; and

a isthe mean ionic solution activity [dimensionless].
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After variable substitution (96, =C, dy), the equation for water flux becomes

r

q
aq, = D_VLV = —Dgy C,,0y-Dg; Cy0Yp-DyyOT-Dy OT + Dy OC + D OC — K. (14)

Following insertion of the water flux into the continuity equation, the governing equation for water transport
can be written (neglecting vapor sources/sinks) as

00 00
DL/\EL + PL?t\‘/ = D(DevPLCwDUJ) + D(DGLpLCwa) +0(Dyyp OT)
+ (D7 p UT) —0(Dcyp UC) —U(D¢ p UC) + U(p KUE) + PLQ, T PLQ ¢ (15)

Considering expansion in two-dimensions, recognizing that Dg Dy, and D¢ are functions of hydraulic
conductivity (atensor), and applying the gradient in the continuity equation gives

08, M, 4 oy oy oy oE 0E
PG Pl © (TX[Devchlp& + pLKxx& + pLnya_y + pLKXX& * pLnyE
oT oT oT aC oC 0C1. 0 0
+ DTVPL& + DTLxxpL& + DTnypLa—y‘DchLg)‘( - DCLxxpr—X‘DCnypLEﬂ * @[DBVpLCwa_liJ
0 0 OE oE oT oT
+ PLny'é% + pLKyy-éq—; + pLKWa_y + PLKyX& + DTVpL'é';/ + DTLyxpr—X
oT oC acC oC
+ DTLypra_y - DCVpLa_y - DCLyxpL& - DCLypra_y} * pLQLp PRy (16)

In this model, the global x, y coordinates are aligned along the horizontal and vertical axes with y pointing
upward. In this case, the changein elevation head along x and y directions becomes 0 and 1, respectively,
0E _ . OE

x -0 3y - 1, and the governing equation for water flow simplifiesto

+ %B)TLXXPLZ—T)E + %BDTnypLg—E‘%EDCVPL%%‘%BDCLXXPL%%
~rfbeuse S Do, Cy S bk S S, i T L 07, 5
* %B’LDTLW%E * (%,g)LDTLyy%% _%B)LDCV%(E_%B)LDCLW%%_%%LDCLW%QS * pLQLD

+P Qg 17)

In deriving the general equation for water transport, diffusion is assumed to be characterized as an isotropic
process. In some cases, however, small-scale layering may give rise to directional dependence much like a
hydraulic conductivity field. In addition to the subsurface transport of water, changing external and/or subsurface
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conditions through natural (atmospheric, biologic, or chemical) and/or man-induced (subsurface injection and/or
storage of hazardous or radioactive waste, or thermal energy) activities may give rise to heat and solute transport.

Heat Transport

To arrive at a suitable expression for heat transport, the law of conservation of energy (first law of
thermodynamics) is applied. The continuity expression for conservation of energy in a control volume
follows the derivation presented for water with the general form given by

oH
5t - ~HAH + Qup* Qua- (18)

where
H isthetotal heat content per unit volume of soil or rock [cal m'3],
gy isthetotal heat flux density [cal dl m'2], and
QHp: Qg are the respective point and distributed source and/or sink for heat [cal m3 d.
From this expression, a constant amount of energy exists within the control volume that can be neither lost nor
increased; energy can, however, change form.
An equation used to describe the heat content (de Vries, 1958) is given by

6 L
H = Cy(T=Tp) +Lop Oy +cpp By(T=Tg) +c, p 6, (T-Ty)—pL I w'de, , (19)
0

where

Cq isthe volumetric heat capacity of dry soil or rock [cal m3°CY,
To isareference temperature [°C],
L(_I, isthe latent heat of vaporization at the reference temperature [585 x 10%cal kgt at 20 °C],

Cp=Cp LT isthe specific heat of water vapor at constant pressure [cal kg™ °C1],

c. =C_ p. ! isthe specific heat of liquid water [cal kg™t °CY],
Cp isthe volumetric heat capacity of water vapor [cal m™°C™Y,
C_ isthe volumetric heat capacity of liquid water [cal m™=°C1], and
W isthe differential heat of wetting [cal m™3).

A general expression for heat flux (deVries, 1958) is given by

ay = —A*0OT+ Loy [Cp(T =Ty + CL(T _To)qL] ) (20)

where

A* isthe thermal conductivity of variably saturated soil or rock [cal m™ °C1 dY.
The three terms on the right-hand-side of this equation represent transfer by heat conduction, latent heat (associ-
ated with water vapor movement), and sensible heat (associated with vapor and liquid movement), respectively.
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Following insertion of heat flux into the continuity equation and allowing for various substitutions,
sources/sinks, rearrangement, and collecting coefficients, the governing equation for heat transport (modified
after Nassar and Horton, 1992) can be written as

oT .96 ac .
figr*+ fagp * fage = Ok * +Lp Dyy)OT] +Lp O(Dgy® ) ~Lp 0(Dgy 0C)
+cpp(Dgy® | + Dy 0T =D, 0C)OT + ¢, p, (Dg ® | + Dy OT =D OC +KOE)OT

*+ Qpp * Qua, (21)

where
f, =(Cy + L(Bs- 6)) h, B) isaglobal heat capacitance type term
[ca m2°C,
fo=L(Bs- 6) pohy (MG/RT) Cyy - L po hy +pL g (P - T ) isaglobal |atent heat type term [cal m3),
f3 =[L(S- 6, )pg hy Mvg] isaglobal latent heat type term
[cal m3 kg mol™Y,
Cy istheglobal heat capacity of the porous
media[cal m3°C,
Z = o/dT [m°CY], and
L=Lg- (c - cp)(T - Tp) isthelatent heat of vaporization [cal kgl.

The right-hand-side of equation 21 requires further expansion so that it can be evaluated using the finite-element
method. In doing so, the liquid and vapor temperatures are assumed to be in local equilibrium; that is, T, = Ty,.
Following these modiifications and allowing for variable substitution (96, =Cy, 0y), the equation becomes

oT 00, acC
1E+f2W+ 3E

= 0[(a" +C TDg Cy)W ] +0[(a +C TDy )OT]

f

—0[0" +C, TD¢ 10C + O[C, TKOE] + Qyy + Qug» (22)

where
0 =\* +Lp Dy + C,TDyy isan effective thermal conductivity term [cal m™ °C™ d™],
0" = Lp DgyCyt+ CpTDg/Cy isan effe(Z:tiV(f latent heat term associated with a pressure gradient
[cal m<d™],
0" =Lp Dey + CyTDcy isan effective latent heat term associated with a concentration gradient
[cal mtd?tkgmol™Y.
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Considering a two-dimensional ground-water system and recognizing that Dy, Dg, , D¢ are functions of
K (tensor), the conservation of energy equation is expanded and terms collected resulting in

aT 06, aC

5+ o * fagy
_ a[..,0y oy oy ot o1, 0C
F[ 3 " CLTKugy * CLTK 50 +0 +c UTOrugy * €L 9" 5
oc oC
-C TDCLxxa -C TDCnya }
oy, o, oy, o1 T aT _,9C
+@[ 5 C Tnya +CTK,, way * ay+c LTPriygy *C L TD1 50 5
oc oC
-C TDCLyxa ~CLTDcLygy }
OEIK OEQT OEIK,, OEAT
+C Ta a CLKXXa_)(a CL a aX CLKXya—ya’
OEOK OEQT aEa OEAT
+CLT5)_(—5;-+CLny5)—(5;/+CLT5)—/-a_y_+ L yy—a'§59+QLp+QLd' (23)

Recalling that the global x,y coordinates are aligned along the x (horizontal) and y (vertical) axes, the governing
equation for heat transport then becomes

aT
+fo—L+f
19t 20t 3at
Oy, 0 o, 0 0 9 aT
_&% aXD 6)(%L xxax[l aX%LTnyaﬂyg ax%’axﬂ aXB:LTDTLxxa_XE
) T 007 0 len
+axFLTD TLxy gyl ax%y FNE axB:LTDCLxanD‘&BZLTDCnyayD
Bja_u 9 1K o, 90 Tk o, O%OTD aBCLTDTLyxa—TD

f

oyl ay Kyx axD oy Kyy ayD " ay oy ay axJ
aTn usn 0c
a B:L TLyy ayD ayBj ayD ayB:L CLyx gy ayg:L DCLyy oy!
oK aT oK aT
+CTaXy+CL Xya +C T—== 6;y+c" yya +Q|_p+Q|_d (24)

Whereas achemical gradient isincorporated in the water (17) and heat transport (24) equations, the transport of a
dissolved chemical compound cannot be described using only these equations. Therefore, to account for the simul-

taneous field migration of water, heat, and chemicals, athird equation governing solute transport is incorporated
into the model.

Solute Transport

A general partial-differential equation that accounts for time and space dependent chemical concentrations
with additional source/sink terms for sorption and solute decay is obtained by considering the principles of mass
conservation (see “Water Transport”). The resulting equation is given by

o(pp,C*) 0(C8))
gt + atL =—DES—E+)\(OLC+pbKdC)+Qcp+QCd, (25)
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where
Py isthebulk density of the porous material [kg mJ],
C* =K4C[mol kg‘l] isthe amount of chemical sorbed to the soil-rock mass,
Ky isthedistribution coefficient (slopeof C* and C) [ L kg,
C isthe solute described as mass concentration [mol L],
0 isthe solute mass flux [mol m2 d kgm3],
A isthe solute decay coefficient [d™}],

Qcp and Qcg are the point and distributed source/sink solute flux [mol kg™ m d™].

Thetransport of solutein avariably saturated ground-water system is governed by various mechanisms. The
predominant mechanisms affecting chemical movement include molecular diffusion, advection, hydrodynamic
dispersion, and salt sieving (Nassar and Horton, 1992). Salt sieving is the relative restriction of solute to solvent
(numerically equivalent to the dimensionless osmotic efficiency coefficient (¢), according to Letey and Kemper,
1969). This coefficient is purported to be important when the water content drops below field capacity and/or if the
matrix clay content isrelatively high.

In contrast to water and heat transport, no latent heat contribution is associated with solute transport. In
addition to the traditional spatial discretization of solute concentration, application of the gradient operator to
liquid-water content and temperature also is considered and written (Nassar and Horton, 1992) as

ac' = de - D.g® L —Drse6 0T —(Dyeb, +D)IC+VO.C , (26)

PL

where
¢ isthetotal solute flux [mol m?dY,

Deg = {Dcexx Dcexv} iss the diffusion tensor associated with salt sieving [m? mol kg™t &} with
Dooyx Doyl D g, = KyoB'CCy ™, Degyy = KyyB CCyy ™, Dgyx = KyuB'CCy ™,
Dcayy = KB CCy ™, Drs= (v1#+v2) V1A RCIN() [v1 Z3 (va° +v2°) FT
isthe thermal solute diffusion coefficient associated with atemperature
gradient [m? mol "L kgl °C -1 dYy;
a isthe mean ionic solution activity [dimensionless],

Do.. Dov| . . L e
- DOXX D°X>1 is the isothermal /isobaric solute diffusion tensor [m? d1],
Oyx ~Oyy

Dox= Doxy= Doyx= Doy are[:thzeciii)]tropic diffusion coefficients associated with a concentration gradient
m ;

= | P thy] is the hydrodynamic dispersion tensor [m? d] with
Pryx Pyl Dpoc= (a2 + o VA VL [mP d Y,
Dhyy = (@1 Vi@ + o V2 V' [m? d7 1, and
Dhyy = (AL - apVi,Vyy) Vi [P dY;
F isFaraday’s constant [96,485 col mol 1],
V isthe average bulk velocity of solution [m d'l],
VL = (V2 + Vi, AY? isthe resultant velocity [m o™,
Vix Viy arethe average bulk velocities of solution in the x- and y- directions [m dy,
" isthe salt-sieving coefficient [dimensionless],
€ isthetortuosity,
Vi, VS are the number of cations and anions associated with the solute, and
ylo, Yo~ arethe limiting ionic conductivity of water.
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Applying the gradient operator to the right-hand-side resultsin

(K 4p,C) N (CO,)
ot o
0 ac ac oy 0 oT
K% [DCCXX O0x DCnya Dcwxx X DCl]ny aL:/J + DCT 0x VL><eLC} +

9 ac aC o oy, ot
ay[DCnyay DCnyaX Dcwyyay Dcwyxax DCTa _VLye C}

—A(6.C+ppKyC) + Qcp* Qcq s (27)

where
Dcy = Dcg Cyy isthe diffusivity because of a pressure gradient [m d"*mol kg™,
Dct = D1s€6, isthediffusivity because of atemperature gradient
[m? d"tmol kg™t °CY, and
Do = DoxBL + Dy
Dcexy = Doxy€8L + Dhyy = Decye
= Dg,£6| + Dpyy are components of the hydrodynamic dispersion tensor [m?dY.
After applying the chain rule to the time derivative and velocity terms, applying the gradient operator, and
combining like terms, the governing two-dimensiona equation for conservation of chemical mass becomes

6, oc_ o 97, 9 a7, a7, 00
‘ot RE‘&B’CCXXM 6yB3Cny6yD axBDCCXvayD ayEPCCvxaxD axajcwxxaxm

0T, 0
ayEPCWayD aXBDCquyayD ayBDC‘WXaxD 6XB:)CT0XH 0YBDCT

aC _ acC oy oy oV, v,
gy ~ygy VixCCy3, —V1,CCy oy —8,C—5 -6 C—~ 3y Y-ACR+Qc,+ Qcyq, (28)

where

R=6, +Kpy, isadimensionless retardation factor,

JLx = V1.0 isthe specific discharge along the x-direction [m d” Y, and

Oy = V1B isthe specific discharge along the y-direction [m d° 4.
This formul atlon assumes no time-dependent changes are associated with the distribution coefficient and bulk
density. Also, the use of alumped retardation factor (R), herein, differs from the more conventional expression
given by

_ KaPi
R = %” 5.0 (29)

Inthismodel, the explicit coupling of governing equationsthrough pressure head precludes simplification resulting
from division through with the liquid water content.

Properties and Parametric Relations

The three previously derived governing partial differential equations (equations 17, 24, and 28) provide
amathematical means for describing the simultaneous interaction of pressure head, temperature and solute
concentration. Because each equation involves pressure head, temperature, and solute concentration dependent

diffusivities, describing their functional relation to field properties and related parametersisimportant. In the
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following sections, the various parametric relations used to describe the hydraulic, thermal, water, and solute
properties associated with soil and/or rock are presented.

Hydraulic

The pressure head and effective saturation relation, known as moisture retention, can be described using
various analytic expressions. Using an analytic expression is advantageous because the expression compl etely
describes afunctional relation between two or more hydraulic properties. In the present model, the continuity of
effective saturation and pressure head is modeled using a three-parameter power relation (van Genuchten, 1980)
given by

s=01 0" y<o, 30
¢ Hiq™ (30)

where
o [m1], m and n are empirically derived constants, and
S.= (6, - 6,) (65-6,)! isthe effective saturation.
Theinverse of a isthe effective pressure head required to overcome the air entry requirement for draining soil or
rock.

On the basis of equation 30, retention parameters typically are determined by fitting this equation to either
laboratory wetting or drainage measurements. One example of a soil moisture retention function fitted to drainage
isfor Idasilt loam (o = 0.5857 m™t, m=0.3532, n=1.546) shown in figure 3. Other important hydraulic properties
are the relative conductivity (K,) and moisture capacity, C, (slope of the retention curve). Both parameters are
functions of saturation (or equivalent pressure head) and, therefore, can be written in closed-form using the empir-
ical moisture retention parameters (van Genuchten, 1980) as

B 0

} 1/ ni] 1

K, = Seosgl‘%“se og-m=1-5 (31)
a 0

m

O o0 1/
Cy = GGS(n—l)EL—é—ESel/m%—Se "H : (32

In addition to the relative hydraulic conductivity dependence on saturation (or pressure head), the depen-
dence on temperature and solute concentration are considered through changesin density and kinematic viscosity
in the relation for saturated hydraulic conductivity given by

K, = P9 (33)
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K, = +—, (34)

where
Kse, Ksy s Ky, Ky are the respective value pairs of saturated hydraulic conductivity [m d1] and
intrinsic permeability [m?] along principal directions, and
p isthe fluid kinematic viscosity [N sm'z].

Thisformulation recogni zes the strong dependence on density and viscosity on temperature and weak dependence
of density and viscosity on solute concentration (fig. 4). By contrast, the permeability isan intrinsic function of the
porous medium and not the fluid. Because the permeability is usually unknown, its magnitude is calculated after
rearranging equations 33 and 34 to

p‘0K30x’

k, = ———, 35

X PLo9 (35
HOKsoy'

k, = ——=, 36

y PLo9 (36)

where
Ksox and Kgp, are saturated hydraulic conductivity along principal directions at a reference temperature
and concentration,
Hg isthefluid kinematic viscosity [N s m™?] at areference temperature and concentration, and
pg isfluid density at areference temperature and concentration.
Thelocal principal values of hydraulic conductivity then are calculated using

Ky = KooK, (37)

Ky = Ky, K, (38)

Using these values, the tensoral components of hydraulic conductivity with respect to the global coordinates then
are calculated on the basis of

K, = K, cos?d+ Ky,sin26 39

Ky, = Kosin?d+K,,cos’d &8
yy X y

ny = (Kx’_Ky')Sinaco56= ny (41)
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100

Continued.

|
TEMPERATURE IN DEGREES CELSIUS

Solute concentration = 0.0 mole per kilogram
20

— Solute concentration = 1.0 mole per kilogram
———— Solute concentration = 0.1 mole per kilogram

0.0001

d34VNOS ANOJ3S ¥3d NOLM3N NI
‘NOILNTOS 3AINOTHD WNIAOS 40 ALISOISIA

Figure 4. Temperature dependent water properties: (A) liquid density, (B) saturated vapor density, (C) surface tension, (D) viscosity:
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where

0 isthe angle between principal direction of hydraulic conductivity and global coordinate direction
[degrees].
Using these equations 39-41, assuming homogeneous and isotropic (oriented along global coordinate axes,
0 =0, and Ky, = Ky, Kyy = Ky, Kyy = Ky = 0) properties, a uniform reference temperature (isothermal)
of 20 °C and solute concentration (isohaline) of 0.0001 mol/kg, the Ida silt loam relative liquid conductivity and
moisture capacity were computed and are shown in figure 5. Both functions are highly nonlinear with the moisture
capacity and relative conductivity spanning 6 and 14 orders-of-magnitude, respectively.

One shortcoming in the previously described retention function (30) is that moisture content cannot be
determined below the residual moisture content (6() < 8,). To overcome this limitation, the corresponding
critical pressure head () is computed assuming an effective saturation (S ) value of 0.001. When the pressure
head drops below thiscritical value, the following linear expression isthen used for cal cul ating moisture content as

. =6-Cju, (42)

where the critical pressure * and critical moisture capacitance C*w are computed by

ol = ol _yml/m 23
W = By (43)
O o0 o /
cp = aes(n—l)BJL—e—ESl;lel/ - g (44)

Equation 42 describes the relation of moisture content between residual and zero (6, >0 when y= — %r@ ). Similar
to hydraulic properties, thermal properties also are represented by various parametric forms. These thermal prop-

erties and parametric forms are discussed in the following section.

Thermal

The heat capacity (Cy/) per unit volume of soil or rock iswritten as alinear combination of individual
component capacities and volume fractions (DeVries, 1963) by

Cy = CuXy T CoXy + C X +C Xy, (45)

where
Cwm Co, CL and C, are the respective volumetric heat capacities of minerals, organic matter,
liquid water, and air (known to be variable), 0.6, 1.0, 0.0003 cal m3 °C’L;
Xwm» Xo, X and X, are the respective dimensionless volume fractions of minerals, organic matter,
liquid, and vapor.
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The calculation of bulk thermal conductivity is performed using aweighted average of the thermal conductivities
and associated volume fractions of soil or rock constituents in the subsurface. The method described by DeVries
(1963) is used here and given by

N
2

A=l (46)
>

where
X; isthe dimensionless volume fraction of parameter i;
\; isthethermal conductivity of constituent i [cal m™ °C? dY],
Acy Aorg @nd Ay are the thermal conductivities of clay, organic matter, and silt known to be 7, 0.6, and
10 [cal mtecldly,
Aa )\q, and ANy arethethermal conductivities of air, quartz, sodium chloride solution defined by
empirical relations given in table 1 [cal m™t°C1 dY,
N isthe number of soil/rock constituents, and
M; istheratio of average temperature gradient in the ith constituent to the average
temperature gradient of the bulk medium.
The values of I; are calculated using

3+ [H-1o (47)

where
g; isthejth particle shape factor with g, + g, + g3 = 1 [dimensionless], and
)\0 is the thermal conductivity of a continuous medium:; for example, air, water or sand [cal m™ °C1 dY.

Thethermal conductivitiesfor air, water and sand are temperature dependent. The corresponding relations used to
describe these thermal conductivities are included in table 1.

The air-shape factor, as given by Kimball and others (1976), is

_ 0.022 0.298 -
g, = 0013+ [GL(UJ o R }e p<=-162 m, (48)
O, = 0.035+ Ep gga%eL P >-162 m. (49)

On the basis of these equations, the shape factor is assumed valid only to the approximate wilting point

(W =-162 m). The wilting point is that point at which plants cannot exert enough energy to remove water.

At moisture contents below the wilting point, aliquid-phase discontinuity develops and linear interpolation

is used to extend the calculation of shape factors to the hygroscopic point () = -316 m). Below the hygroscopic
point, water is virtually bound and immobile.
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Table 1. Summary of empirical relations for selected water and thermal properties used in the VST2D model

[kg m3, kilogram per cubic meter; NaCl, sodium chloride; m? d"%, meter squared per day; mol kg™, mole per kilogram; T is temperature in degree
Celsius; and T are the absolute temperature in Kelvins]

Property Parametric Equations Reference
Activity of NaCl, L e C < 0.001 mol kg’l Robinson and Stokes, 1965
a, [mol kg}] 1-3.1327x1072 C - 1.4553x103 C? ....... 0.001 < C < 15 mol kgt
0.202653 ..o C > 15 mol kgt

Density of pure water,
Pu [kg M3

Density of NaCl solution,
Prac: [kg M

Density of sﬂ3turated vapor,
Po. [kg m™]

Diffusion coefficient
of NaCl in water,

Do, [m? s}

Diffusion coefficient of
water vapor inair D,
[m? dY]

Factor accounting for
changein saturated
vapor density with
respect to temperature,
B =dpy/dT

Factor accounting
for micro-macro
temperature gradients, n

Factor multiplying global
latent heat term, &

Factor accounting for
changein surface
tention with temperature,
dy/dC

Osmotic coefficient, @

Surface tension of

NaCl solution,

Ynaci [Nm
Temperature coefficient,

Y nacl, [°CY
Thermal conductivity

A, of air, [cal mtectdy

Thermal conductivity
of quartz,
Ag [cal mteCctd)

Thermal conductivity
of NaCl solution,
Anaci, [cal mtectd)

Viscosity of NaCl,
W, [N'sm

{1- (T - 3.9863)4(T + 288.9414) / [508929.2(T + 68.12963)]} x103

Py (1 +3.956x10°2 C - 1.154x10°3 C?) x103
[exp (31.3716 - 6014.79 T - 7.92495x103 T)] T2

1073 exp(19.84 - 4975.9 T 1

7.26x10°0 + 2.63x10711T + 2.18x1071272
229 x 1077 (T/ 273.5)17

49759 po T2

95+66, -85exp{-[(1+ 2'6X0|y_1/2)9|_]4}
¥(0) 0.003394x10 0001477 T

-1.3595e-4 - 8.16e7 T

0.9265 < or = 1 mol kg 1
0.06455 C + 0.08648 > 1 mol kgt

7.5617x1072 - 1.3595x10™ T - 4.0815x1077 T2 + 1.6342x1073 C

Y Nac) (-1.3595%x1074 - 8.164x10°7 T)
0.0237 + 6.41x107° T

-0.06621 T + 21.7804
0.599 (1-7.694x1072 C) (0.94185 + 3.227x1073 T - 1.533x107° T?)

10[-l.469+200.93/(T+116.7l)] x10 '3(1_0+9_359>< 10-2)

Harned and Owen, 1958
Jessup, 1927
Kimball and others, 1976

Lobo and Quaresma, 1989

Kimball and others, 1976

Derived by author

Cass and others, 1984

Derived by author

Derived by author

Derived by author

Young and Harkins, 1928

Derived by author
Kimball and others, 1976

deVries, 1958

Jamieson and others, 1975

Chemical Society of Japan,
1975

26 Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in
Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density



To compute the global latent heat term f,, (appearing in governing heat equation 24) requires functional
knowledge of pressure head derivative with respect to temperature; that is, Z = 0y/d T [m °C1]. To arrive at a
suitable means for computing ¢, first the pressure head is computed using

a g
Y= a1 (50)
Dsl/ m
e
Next, the temperature dependence is introduced using atemperature coefficient y' = [°C‘1] given by
. _ Loy
Y =Y 5 (51)
Applying separation of variables the equation becomes
y T
[y oy = [yar, (52)
Yo To
with the integration resulting in
Iny—Iny, = y'AT. (53)
Assuming that the a parameter is proportional to surface tension, the equation can be written as
L =Y = exp(yaT), 54
< e p(y'AT) (54)
where
0, and yg represent reference values for the van Genuchten (1980) parameter and surface tension at
reference temperature (Tg) and AT =T - T,
Rearranging this equation provides a temperature dependent a parameter given by
(55)

o(T) = apexp(y'AT).

Applying equation 55 together with laboratory derived parameters for Idaloam soil (Nassar and Horton,
1989) and assuming effective saturation values of S, = 0.01 (6, =0.056), 0.1 (6, =0.112), and 0.5 (8, =0.50), the
effect of temperature on pressure head is shown in figure 6. Taking the logarithm of the absolute value of pressure
head, linear regression yields
Log() =m'T + Log[w(0)] , (56)
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where m” = 0.000147 and Log[W(0)] are the slope and intercept, respectively. Taking the inverse logarithm of
equation 56 gives

Y = poyo™ . (57)
The change in pressure head with respect to temperature then is determined using the differentiation formula:

— = aUd—uIna. (58)

Letting a= 10, u= m'T, and applying to equation (57) resultsin

_ qu _ mT
= = In(10mp(0)10 . (59)

Substitution of m"and converting the natural logarithm resultsin

Z = 23myp(0)10™ . (60)

Because dependent variables change during the Picard procedure (see “Picard Iteration™), thisrelation is used to
compute { on anode-by-node basis for each iteration. Whereas m’ is user defined (could assume that m'is similar
toldasilt loam, but this similarity has not been verified), (0) must be calculated using the current nodal value of
S, setting T = 0, and equations 50 and 55.

Water

Certain properties of pore water also are temperature dependent. Examples of such temperature dependent
model parametersinclude liquid and saturated water vapor densities (needed to compute the thermal vapor diffu-
sivity, D, and the global capacitance type term, f;, appearing in the governing heat equation), diffusion coeffi-
cients (water vapor in air and sodium chloride in water), surface tension, and viscosity. In some cases, certain
properties of water also are dependent on the solute concentration. For example, the temperature-concentration
dependent density, surface tension, and viscosity of a sodium chloride solution are shown in figure 4. A first-order
nonlinear dependence on temperature isindicated but only a second-order dependence on concentration. In the
present model, aflag in the input file allows the user to select either atemperature or temperature-concentration
dependence in these parameters. A summary of all temperature and temperature-concentration dependent proper-
ties (liquid, vapor and solid) used in thismodel is provided in table 1.

Chemical

A chemical may be naturally and/or artificially removed from ground water through processes of sorption
and/or decay. Sorption processes include adsorption, chemisorption, absorption, and ion exchange. IntheVST2D
model, no attempt is made to separate these processes, rather the sorption parameter is used to indicate the net
result of these processes. From apractical view point, theimportant aspect isto quantify the removal of achemical
from the solution, irrespective of the process. InVST2D, alinear relation is assumed between the amount of a
solute sorbed to a solid C* and concentration of the solute C described by C* = K4C [mol kg1].
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If an aguifer constitutes at least 1 percent organic carbon (on aweight basis), partitioning of a solute will
occur amost exclusively onto this fraction (Karickhoff and others, 1979). Under these circumstances, a partition
coefficient with respect to the organic fraction, K., can be defined as

K
Koc = ﬁ' (61)

In simulating the transport of an organic compound, it isimportant to note that the Ko parameter may be estimated
using an empirical relation to the octanol-water partition coefficient Koy (Karickhoff, 1984). The use of thisrela-
tion assumes that (1) sorption is primarily on the organic carbon, (2) sorption is hydrophobic (as compared with
polar interactions, ionic bonding, or chemisorption), and (3) alinear relation exists between sorbed concentration
and concentration of solute. Other processes that may remove chemicals from solution include radioactive and/or
biological decay. InVST2D, either process is ssmulated by incorporating

A(6,.C +pK4C) (62)

into the governing equation for solute transport.

Assumptions

Thefollowing list gives a summary of key assumptions invoked during the development of this theoretical
mathematical model. The order does not indicate relative importance in model development and/or application.
GENERAL for al
» Equations for water, heat, and solute are coupled in time and space.

» Anisotropy and heterogeneity are permitted throughout the solution domain.

WATER

* Critical value of effective saturation is 0.001.

» Drainage and wetting follow the same path (no hysteresis).

* Fow fieldislaminar (Darcy’'s Law isvalid).

» Fluid density and viscosity can be described as temperature dependent using regression equations.

» Hydraulic conductivity varies with moisture content, density, and viscosity.

» Liquid water content is alinear function of pressure head between wilting and hygroscopic points.

» Mass conservation is maintained using a Taylor series expansion of the liquid water derivative.

» Moaisture capacity is adequately described using a closed-form analytic expression.

» Moaisture retention properties are adequately described using a three-parameter analytical function.

» Relative hydraulic conductivity is adequately described using a closed-form analytic expression.

» Soil matrix and water are assumed to be dlightly compressible (no pressure dependent deformation).

» Taylor series expansion of changein vapor content with pressure head is approximately the conjugate of liquid
water.

o Water transport is adequately characterized as atwo-phase water system: liquid and vapor.

 Vapor transport is an isotropic and diffusive process.

HEAT:

» Density, surface tension, and viscosity can be described as temperature and concentration dependent using
regression equations.

» Energy formulation is used assuming temperatures at or below 100 °C.

» Heat capacity isalinear combination of individual matrix and pore constituents.

* Particle shape factor islinear at moisture contents below the wilting point.
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» Taylor series expansion of change in heat content with temperature is approximately linear.

» Temperature of each water phaseisin local equilibrium (T, =Ty, =T).

« Thermal conductivities of clay, organic carbon, and silt are 7, 0.6, and 10.0 [mcal cm™ °C1 51, respectively.

e Thermal conductivity of water istemperature and concentration dependent.

» Thermal conductivity of sand is adequately described as quartz.

» Thermal conductivity of the air and sand fraction is temperature dependent.

» Volumetric heat capacities of air and organic carbon are 0.0003, 0.6 [cal cm3 °C'1], respectively.

» Volumetric heat capacity of liquid water is temperature dependent.

SOLUTE

» Decay of chemicalsisafirst order process.

» Density, surface tension, and viscosity can be described as concentration and temperature dependent using
regression equations.

« Formulation assumes that solute concentrations are at or below 15 mol kg™t

« Osmotic coefficient is constant at a concentration less than 1 mol kg™

» Solute can be conservative or nonconservative (if decay is allowed).

 Sorption of acompound (organic or inorganic) islinear and reversible.

» Taylor series expansion of change in mass with concentration is approximately linear.

NUMERICAL METHODS

The principle limitation of analytical solutionsis that they can be obtained only by imposing restrictive
assumptions about aquifer properties, boundary conditions, and/or initial conditions. By contrast, numerical
methods do not require such restrictive assumptions. Some examples of numerical methods include the finite-
difference, variational and weighted residual approaches. Several variations of the weighted residual method differ
only in the application of weighting functions. Examples of the weighted residual method include the collocation,
subdomain, and Galerkin approaches. The Galerkin approach is the basis of the finite-element formulation
described in the following section.

Finite-Element Method

This section describes application of the Galerkin finite-element method to obtain a discrete approximation
for the governing mass and energy transport equations. The principa advantages of the finite-element method are
the capability to (1) incorporateirregul ar aguifer boundaries, (2) incorporate heterogeneous and anisotropic aquifer
properties (with arbitrary local principal directionsthat differ from global Cartesian coordinates), (3) incorporate
nonlinear parameters, (4) incorporate complex time-dependent boundary conditions, and (6) modularize the
program code.

In general, the finite-element method is a numerical procedure for solving physical problems governed by
one or more governing partial differential equations. The two characteristics that distinguish the finite-element
method from other numerical procedures are the use of an integral formulation to generate a system of algebraic
equations and continuous piecewise smooth functions for approximating the unknown quantities (dependent
variables). The finite-element method can be subdivided into five basic steps. First, the region is discretized into
elements (in this case linear triangles). This discretization includes locating and numbering the node points and
coordinate values. Second, an approximation is specified and equations are written in terms of unknown nodal
values. Third, a system of nonlinear algebraic equations is developed. In using Galerkin's method, the weighting
function for each unknown nodal value is defined and weighted residual integral evaluated. Application of this
method generates one equation for each nodal value. InV ST2D, three unknown dependent values result and, there-
fore, three equations are written for each node. Fourth, the system of equationsis solved. These equations are
intrinsically nonlinear because many parameters actually are unknown guantities that depend on the magnitude
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of one or more dependent variables. For this reason, the equations are quasi-linearized using a Picard approach
prior to solution. Fifth, the quantities of interest are calculated.

In the Galerkin method (and other weighted residual methods), the mathematically continous dependent
variables are replaced using afinite series (discrete approximations). InV ST 2D, the approximations used are given
by

P

Wx Y0y N () = [N]{w} (63)
p=1
P
Ty, )0 Y NT(0) = [NI{T} (64)
p=1
P
Clxy,)0 5 NC(1) = [N]{C} , (65)
p=1

where
¢, T,and C are continous space and time dependent variables Y(x,y,t), T(x,y,t), C(X.y;t),
N isan interpolation function;
[N] isaset of linearly independent interpolation (also called shape or basis) functions,
{W},{T}, and {C} areaset of dependent variable values at discrete pointsin the solution domain, and;

P isthe number of discrete node points in the solution domain.
Even when the interpolation functions are chosen to satisfy all boundary conditions imposed on a problem, nor-
mally the interpolation functions will not satisfy the governing partial differential equation. For this reason, the
governing differential equations are first rewritten in an equivalent form given as
Water:

_0 o, @ o, 9 oy, d(p.K,,)
LlIJ(X’ y:wnT.C,t)—*aDGVpL ‘“aXD aX%)L xanD 6XB)L xyayD X -

0 OTD 0 T T 0 0
+EBJLDTVGXD axB)L TLxanD ax%)L TnyayD aXB)LDcv&D_ﬁB)LDCLxxE%a

N, g g, op  oyg, dPKy)
_&B)LDCnyayD ayBDGVpL ¥ gyl ay%’L yx gx0 ay%)L yyayD dy

ad OTD ad 0T
+@B)LDTvay[| ay B)L TLyx gy

0o o 0Ch aq]
+®%)L TLyya_yD‘@B)L cvayD_E/B)LDCLyanD ayB)L CLyy gyt TPQLTPQ
08, 08,
—pL/\a —pLW (66)
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Heat:

Li(xy, T,W,C,t)
-0 alH] 0 aLIJD 0 aTD 0
a &%I aXD ax%:'- xanD 6x%:LPTKXyayD deJaXD ax%:LTDTLxxa)d]
0 0Tn 0 1.,9C] aCy @ )
+&8:LTDTnya_yD_ 6785 axD aXB3L DCLXXG% aXB:LTDCnyaja
0 al.IJD 0 aTD 0 T
+®Bj ayD ayB:'- yx axD ay%:L yy ayD ay%jaym ayB:LTDTLyan{j

d . d 0Ch 0
+ 3y oL TD TLyyayD ayS’ %‘WB}:LTDCLW(TXD‘@B:LTDCLW&B%

0K,y 0K,y oT oT aT . 98 ac
FOUT g LTy + Culy Oy + Qup+ Quafagy o~ oy (67)
Solute:
Le(xy, W, T,C,t)
_0 b + 90 0C, a7, g
- & CCxanD a/ CnyayD ax CnyayD ay CnyaXD
ol 0 ocC ocC
aXBJClIJXXaXD ayBDCwyyayD aXBDCtleyayD ayBDClIJyXaXD aXB)CTaXD ayBDCT LX&_quéy
oy oy oV oV 9, oc
LCCuG, ~V1yClygy —8LC5 a -6, C—~ ay ~ACR+Qc,+ Qqg~Cp ~R-, (68)

where

Ly, L and L aredifferential operators.
Substitution of the approximations (W, T, and C) into equations 66-68 for i, T, C will result in some residual
amount expressed as

L%y, W, T,C,t) =1y, (69)
L(xy, W, T,C,t) = ry, and (70)
Le(x y, W, T,C\t) = rg. (71)

For this reason, selecting weighting coefficients such that they minimize these residualsis important. In the
Galerkin approach, the weighting functions are chosen to be interpolation functions (one-per-node) in an
integral formulation that forces the average domain residuals to be zero. The residuals can be expressed as

{Ry = I[N]TLw(x,y,llJ,T,C,t)dA: 0, (72)
A

{R} = J'[N]TLT(X, y, ¥, T,C,t)dA= 0, and (73)
A
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(R = J'[N]TLC(X, y,W,C,T,t)dA= 0, (74)
A

where
{Ry}, {Rr}, and {Rc} areweighted residual vectors for water, heat and solute equations
[m?d?Y], [ca mtdY], [m?d?mol kg,
[N]T is the transpose of row vector of interpolation functions used to weight the
residual equations, and
A isthe solution domain area.
Because each interpolation function is defined over individual elements, first the integration is performed

element-by-element. The corresponding set of element contributions to the set of residual equationsthenis

(R = I[N]eTLqJ(X, y, W, T,C,1)%dA%20, (75)
Ae
(R} ® = J’[N]eTLT(x, y, W, T,C,0)%A%£ 0, and (76)
Ae
{RG®= J’[N]eTLC(x, y,W,T,C,0)%dA %0, (77)
Ae

where
e
Ryi
e _
{RL]J} - Rq_,] )
Ry
e
Rr,
(R} € = Rr, ,and
Rr,
e
Re;

{RJ° = |Rg,| arecolumn vectorsof residual equations for element e [m? dY], [cal mtdY,

Rey [m? dt mol kg™!j;

[NI¥T={N;N;, N}, and
N; = 247 (g + bx + Giy),
N; = 2A (g + bx + gy),
Nk = 2A'1(ak + bx + ¢y) are the dimensionless element interpolation functions (equal to one at their
respective node and zero at the other nodes);
A® isthe element area[m?];
e isthe element;
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8 =X YieXWj»
& = XYi - %Yk
= XY - %Yi,
b =¥ - Vie
b =Yk- Vi,
b =Yi -,
Ci =X~ X,
G =X - X, and
Ck = Xj - X; arevariables associated with Cartesian coordinates for an element that are
used in the interpolation functions [m] (Segerlind, 1984); and
i, ], k arelocal element nodes. The residuals on an element basis are not equal to zero.
These residual elemental contributions then are integrated over the solution domain to form a global set as

{R} = ZJ’[N]eTLqJ(x,y,lP,T,C,t)edAe=0, (78)
e Ae

(R} = ZJ’[N]ETLT(X, y,W,T,C,1)°%dA°= 0, and (79)

(R = zI[N]eTLC(x, y, W, T.C,1)°%dA° = 0. (80)
e Ae

The remaining sections focus on the development of these residual element equations and their equivalent matrix-
vector representation for a two-dimensional interactive water-heat-sol ute transport problem.

Residual Equations for Elements

Residual equations are derived using the Galerkin weighted integral formulation. For these equations, the
element contributions to the global system can be written as
Water

eT Y, 9 oypy, 9PLK, 0T, 0 T
{RLU} - _I[N] [aXEPevPL W gx aXB)L xx gx0 axB)LnyayD T ox aXB)L TV gx0 axg)L TLxx gy

oy 0 007 9 aC|:| 0 0 s
axB)L Tnyay[l aXB)L eV gx0 axB)L CLxanD axB)L CnyayIZI aya%v L wa&ya ayB)L yx gx0]

o, a(PL 0Ty, 9 T
6yB)'- yyayEI ayB)LDTvayD ay B)L TLyx gy

0Ty 0 ac o 08,
ay%’L TLyyay[I ayB)L cvayljl ayB)L CLyan[I ayB)L CLyyayD pLQLp QLd_pLAat

00,,
s }dA 20, (81)
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Heat

{RT}ez_I[N]eTL;iX%yaLM] aB:L oy, GB:L a_llJD 6%6T|:|
Ae

axt  ox Koogud ™ ax Koy 6y|:| ox[ 9xH
F) 0T, 0 0Ty 030G
+&%:LTDTLxanD+&B:LTDTLXya_y[|_ &B’ Fral 0XB:L CLxxa 0

0 9Ch, 0 aLM] 0 anD 0 aLIJD 0 .01
~ax P T Peuy 30 * ayd 30 ayB:L yx ] ayB:L yyayD 6y%j

9 0Th, @ 0T 0,00 @
+WB:LTDTLV"OXDJrW%LTDTLyyayﬂ_ﬁ/% ayJ aﬂ% CLyanD

_@%LTDCLyy%BJrCLT axy+c T—=> ay +C nygT C Kyyg +Qup+Qug— flt?;
- 2% 36JdA #0, and (82)
Solute
{R° = —J'[N]e [a)ﬂ)cmxaxg 6yB)CCWayD axB)CC"yayD ayg)CnyaxD
6XBDCWXOXD 6ya:)c”’yy%'£% :XB)CWV%%E :yB)CWX%L)LE :XEDCT(;E (éayg)mayD
—qLX%—qu‘;—i cc:qj‘f;lIJ vLyccwg—”; —eLcag;X C ca;/y ~ACR+ Qc, + Qcq
‘Caait R%—CJdA 20 , (83)

In the finite-element approach, the hydraulic conductivity and diffusivity functions are assumed constant within

each element (but they can vary from one element to another). In this case, the equations can be written as
Water

eT "y "y apLKxxallJ azl.IJ apLnya_llJ apLny
{Rtu} I[N] {DGVpLCUJaXzJ'pLKXXaXf ax ax+pLnyax6y+ ox 6y+ ax
A
T
2

2 2 2 2
9 o°T, o°T e e o’
+p Dy —+p Dy +p Dy —PLPev S —PLPcL —P D¢ +Dgyp Cy—
ax X X XY 0xdy ox° “ax? XY 0xdy v oy’
2 2 2
"W apLnya_llJ "y 6pLKyya_ljJ apLKyy 0 T 0T
Py gvax™ Tay ax TPy oy T Tox 6y2+ ay PPV 2y *PLBTLxGyax
2 2 2
°T o’c a°C 9°C 08, 06y] e
+ pLDTLyya_yz _pLDCV ayz p|_ CLyxﬁan p|_ CLyyayz + pLQLp+ pLQLd _pL/\ W _pLW dA™ # 0, (84)
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Heat

Mow +C TK Qu, CT Kyyou, ;0°T

2 2
{R}® = —I[Nlﬂog—i“CJKxxa—“”CJ
X

2 X2 0x 0x XY 0xdy 0X 6y %>
+cLTDTLXX‘; IT+c, TDTLXngaTy —o" ‘; —C TDCLXXZZXS —CLTDCLXyg 0Cy+0 027‘“+c TKYX(%(
+CLTaaK;X%—iJ+ C_TK, ‘Z{‘hc T GWZL“Z ayz+c TDTLyX(;’yaT +C TDTLWZ?Z- —o" %C-
-C TDcLyxgy;:X -C TDcLyy?:yc2:+ CLTaany +C Taa—y+c nygl CLKyyg—-;+ Qup+QLq _fl%_l-
—fz% %ﬂdA £0, and (85
Solute
2c 2c Y X

+DCnyay2 DCCXV6X6y+ Cnyaan

{R3® = ~[IN] {Da

Ae

2 2 2 2 2 2
oy oy oY oy T aT ocC ac Y
+ Dy — Degw—s — Degyya—a— — D +D +D =-V,,CC, =~
Cluxxaxz Cwyyayz wayaxay Cwyxayax CTa CTay qu X qu ay Lx U] 0Xx
a v, v, 08, __ac
_ 9 _ + + 7 86
V,CC, 5y %S ax g, C— ay =ACR+Qcp* Qcq=C5r — RS- dA®20 . (86)

The second-order derivative terms appearing in these residual equations must be replaced by first-order derivative
terms because interpolation functions do not have continuous derivatives across element boundaries.

The second-order derivativetermsare replaced by applying the product rule for differentiation. For example,
consider differentiation of the following quantities from the water equation (81):

2 T
%HN]T%—LIXE - [N]TZTLIZJ +a[aix]%p>2 and (87)
2
0 Tdy _ TOY O[N] 6L|J
&BN] a0~ M axoy ~ ox dy’ (88)

where
O[N] /0x is aderivative of the interpolation function with respect to the x-direction:

ON;/0X = by/2A, ON;/0x = j/2A, IN,/Ox = by /2A and
O[N] /ay |sader|vat|ve of thelnterpolatlon function in the y-direction: ON;/dy = ¢;/2A, ON;/dy = ¢/2A,
0N /0y = ¢ /2A.
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For example, applying these expressions to selected second order derivative termsin the water transport equation
(84) resultsin

—[IN T bk, G = gl o N T8 + I AN g g (89)
Ae
_J'[N]ET(%E) nya:lEdA = Ipl_ v HN]ETawaA+I ,_nya[gl)]( %q;dA (90)
Ae

Thefirst integral on the right-hand-side of equations 89 and 90 can be replaced by an integral around the boundary
on the basis of Green’s Theorem (Olmstead, 1961). Application of thistheorem resultsin

eTpL XX llJ
0x

p XX
ILax HN]eTaWdA J'[N] c0s®,dr® and (91)

J,pL Xy! BN]eTaLIDdA J.[N]eTpL Xy! llJCOSG)Xdre, (92)

where
{W}e={u;, W, Y isavector,
Oy, ©y arethe anglesthat the flux normal to the element boundary makes with the global
(solution domain) Cartesian axes (x and y), and
I istheintegration surface along an el ement boundary.

Substituting this result back into the residual water transport equation (84) gives

eT d oy eT oy e J[N ] GLIJ

e A L T 3)
A
eTd oy eT a e AN oy e
—I[N] 6XB)LKXY6deA == [ INI* p K, SEcosO,dr®+ [p K, “Lo— aydA . (94)
re e
A similar set of operations resultsin the yy- and yx- components resulting in

eT 0 oy eT oy O[N ] 0lIJ

_J‘[N] ayB’L yyadeA —J’e[N] pL yyaycose ar® +J‘pL W3y aydA (95)
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70 Y T oy AIN] ¢ ay
—J’[N]e ayB)LKyXaXDdA ——J’e[N]e PLK 55 00S© ,are +J’ PLK 5 aXdA ) (96)

Combining the right-hand sides of equations 93-96 gives

O et oy o oy oy 0
_IEI[N] pﬂ(xxﬁ cosO, + Ky cosO, + Kyyaycose + nyaycose dr®
re
eT

o[N” oNTow,  aNTow,  aINITour
+LPLB<XX ax ax K=oy ay "9 ax ay T v oy ax® E (97)
A

By substituting an approximation for the pressure head, W(x,y;t) =[N]{ W}, equation 97 can be put into final form as

g d d d
—IB[N]ETpLB(an cosO +nyawcose +Kyyal“cos® +nyal“cos@ ar®
I_e
eTaIN]® a[N] T O[N] © A[N] T a[N] AINIETAINIE e e
+JPLB<XX o ox KwTay ey TRy Tax ey T gy o 0 AAH Y (98)
Ae

where
{wre={y;, g, Yy} isavector of pressure head values in the element; and
i, ], k arethelocal element nodes.

Notethat the variable | is not replaced in thefirst integral term because this variable forms part of the liquid water
derivative boundary condition. The second intergral term represents that portion associated with material proper-
ties, and thisintegral, therefore, incorporates cross terms associated with directional dependence (vectors). When
properties are not directional (tensoral), however, the cross terms (xy, yx) do not appear in this equation. The
remaining second-order derivatives in each of the governing equations are evaluated in a similar manner.

The second part of the derivative boundary condition for liquid water flux is obtained by evaluating integral
terms associated with gravity. For example,

_ eT (pL yy) e
;\[[N] 5 dA®. (99)

Thisintegral evaluation is conducted using integration-by-parts: Iudv = uv| J’vdv For example, if v=K,,
dv = 0Ky,/d,, u=[N]", du = 6[N]"/dy, the integral can be rewritten as

AN e . .eT 100
[Py~ gy dA = INI T p K oS, | (100)

or

< AN pe N o K cosedr (101)
JPKy ™Sy ] PLKycoS9yal
re

Ae
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Thefirst and second termsin equation 101 are aforce function and another part of the derivative boundary condi-
tion for liquid water flux. Similarly, evaluation of the other gravitational component resultsin

a[N]eT e eT e
PR 75 dA = [INI™ p Ky coSB,dr™. (102)
re

AE

By combining thefirst term of equation 98 with results from eguations 101-102, the completeintegral formulation
of the flux derivative boundary condition for liquid water flux is obtained as

d 0 0 d
- [N] eTp,_[Kxxa—lj: cos6, + nyg—l)l: cos8, + K, cos8, + nyg-L)I(J cos, + Kyya—q; cosf, + Kyycosey} dre®. (103)
2

e

This term (also known as the inter-element contribution) cancels across interior boundaries because of equal and
opposite signsassociated with fluxes from adjoi ning el ements (Segerlind, 1984). Because thisterm does not cancel
along adomain boundary, the term provides anatural way to incorporate the liquid water flux boundary condition
into the model. A similar approach is used to develop boundary conditions for the heat and solute equations.

The third and fourth integral formulation types pertain to the respective point and distributed source/sink
terms written as

~[Q NI Tda® and (104)
Ae

~[ Q[N *TaA”, (105)
3

where

thepand d are subscripts that indicate respective point and distributed sources associated with the water
equation.

Thefinal integral formulation type involves atime derivative term given by

eTaeL e
{e[ N] 5 A (106)

Using the integral formulations discussed above, a general form of the residual equation for isothermal,
isohaline, and liquid water flux can be written on an elemental basis as

e e e e e e e e e ©
{Ryyt = [kl {9 "+ {fyd "+ —{fyd —{fyd +AIA E%LE, (107)
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where

e _ AINITTAINI® . OINISTOINI® . . OINISTOINI®, . OINITOINIT, e
[kUJL] - {epLg(XX 0x ox ny ox ay +ny ay 9% +Kyy a ay DdA (108)

[N AN e
wK} - IPLB(xy [a)]( yy [63/ BdA ] (109)

{fyg = J’[N]eTpL[ XX?;IJCOSG +ny%—wcose + K, 0088, + K %—wcose +Kyy%q£cose + K, c0s0 }d =q.,, (110)

{tyd© = [PLQUIN] Taa®, (111)
Ae
{fyd © = [PLQN"TdA", and (112
Ae
8,0 26,
[ALW_] E_B = J'[N] pL/\a—dA (113)

Individual Element Matrices and Vectors

The objective of this section isto derive the individual el ement matrix-vector coefficients for atwo-
dimensional model using triangular (simplex) elements. The approach involves performing integration of
residual equations formulated in the previous section along with similar equations that arise from evaluation
of like terms in the governing transport equations. In general, integration of these equations can be performed
using the respective analytic formulas (Segerlind, 1984) given by

ay, by Cin€ _ oal alblc!
NN NI 2 e (9
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for areaintegrals, and

a,, b, e_ alb!
F[Ni Npdr® = 2L S (115)

where Lj; isthe length of an element side for boundary integrals.
In performing the first integration, the element matrix [kw,_]e is rewritten in a more compact matrix-vector
form as

[kyd® =[G [KITG]dA° = A% 6] ' [K] T[], (116)
Ae

where
[G]® and [G]®T is the respective element gradient vector and its transpose, and
[K]€ isthe element conductivity matrix.
These matrices are given by

O[N] ON; ON; ON,

(° = | o = |9x ox ox| o L|bibyby (117)
AN ON; ON; ON,|  2A[c; ¢; ¢
dy dy dy oy
[aN; N, |
oT O[N] eTa[N]eT aal\>|( Oal\)l/ 1 bi Ci
[G] = [Ta—yJ = a_xJ a_yJ = A9 ¢ , and (118)
N, N, P G
[ ox 9y
[K]® = | Ko (119)
ny KY)L

Evaluating theintegral and expanding the matrix product resultsin the so-called element conductance matrix given
by

2

2
. pLK bi blb] bibk pLK Ci CiCj CiCk . bici bICj bick pLKyX Cibi Clb] Cibk
= X 2 vy 2 Y
[yl ZA_|bjb, b;° bjb * A Cc ¢ ¢c * A |biCi bicj bie t—7A|¢jb; ¢jb; ¢jby| - (120)
byb; bb; b 0C; GE; & bci byc; DG cbi by Sy
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where
Ko Ky Kyyr @nd Ky, represent the average element conductivities for their respective tensor component,
with Ky, = (Kyi + KXX] + Kot 1 3, Kyy = (Kyyl + KYYJ + Kyyk) /3,and
pL isthe average element density; for example, p. = (P + Pj + PLKW / 3.
Evaluation of the gravitational element force vector {fy} € along theyy and xy directions s carried out
term-by-term as

e
oy
0’0 G0
e_ a[ N] eT e_ e e[BND e_ A(pLiKyyi + pLJKyy] + kaKyyk)D D
{fway} = IepLKyy dy dA™= L[N] {PLKW} %la—y]EdA = 3 %PJ% and (122)
A A EPNkH 0
Doy
ONig
08%0 nln
a[NE" 0oN.O APLK i T PLIK it PLK ) 0. O
{fwny} e_ IpLny [a)]( dAS= I[N]e{ Pk} eBa—XEdAe: i xyi : Xyj Xy %3%, (122)
A° A° %’N% EP;JZI
Oox O
where
{ Ky} €={ Kyyis Kyyis Kyyid 1s@vector of nodal conductivites for the yy component, and
{ Kyt €={ Kxyis Kxyjr Kxyid 1s@vector of nodal conductivites for the xy component.
Summing these contribution yields
e _ e e
{fpd ™ = (g} k) (123)
Evaluation of the point source/sink force vector { fo} €iscarried out as
28
{ wa} e — IpLQLp[ N]TdAe = pLQLpENIH . (124)
Ae DN@
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The point source/sink givesthe value at that point, and this point valueisdistributed acrossthe element onthe basis
of interpolation function values. When apoint source/sink is located at a node, the interpolation function is equal
to one at that node and zero at the other nodes. When this occurs, evaluation of the source/sink force vector
becomes

PuCeg B 0B B

{f¢p} = J’pLQLp[N] Taa® = g o 0or EPLJQLpID org © D, (125)
O 0 O (] EP Q
o o0 0O o o O Lk LP;D

where

QLpi» Ql_p], QLpk: arethe point source/sink for liquid-water at the corresponding node.
Evaluation of the force vector for a distributed source/sink {qud} follows

Nig A( e
PLIQ 4 TPLIQ 4 PLQ 4)
{fya = ijQLd[N] Tda®= [p,Q  FNHIA" =  ——— Lo (126)
A° ENI]

where Q° ¢, Q%gj» Q% gk ae the values of the distributed source/sink at nodes of the element.
Integration of the time-dependent term using the consistent formulation (equation 113) tends to be
numerically unstable (Segerlind, 1984). For this reason, alumped formulation is used and described by

90 90 e[100 Eae 98,0
eTVY e _ 09 eT a8 — A L
L[N] 5 0A =50 J‘E[N] dA” = = 8 (1) (1) at [Awl_] DD_at 0, (127)
A A

where the capacitance matrix [ALIJL]e multiplies the time-derivative vector. A similar set of matrices and vectors
are derived for the remaining termsin the governing equation for water transport and each term in the governing
equations for heat and solute transport (assuming the appropriate substitution for variables and constants).

One additional formulation type to be integrated (not in the water equation) is associated with the liquid
water flux-concentration gradient term appearing in the solute equation. In this case, the integral first is rewritten
in amore compact form and then evaluated as

q b; b; by q Ci Cj
[a.d° j[N] "1a1°[C1°dAe = ATNI*"[a]TG1° = 2| b, b; by + ¥ |c; ¢; 6 (128)
b; b by Ci Cj
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[@° = % O,
0 iy
A similar approach is used for the vel ocity-concentration-capacity pressure head gradient terms appearing in the

oy P . R
wgy @nd vLyccq@ . A complete definition of individual element
matrices and vectors isincluded in appendix 1.

By rearranging and combining like coefficients in matrix-vector form, the generalized set of residual

eguations now can be expressed as

solute transport equation, for example, v ,cC

Water
e 06 90
Ry © = ApL[AwL]%LEwL[AW] Ea—t@ﬂswl{w} +[ByrH{T) —[Byd{ T +{ Ty —{Tyd %0, (129)
Heat
e 08
(R = [Ard e+ (Al D0+ [Arcl 50 ~[Bry) 0} + (Bl (T) ~[Bral(G) +{1rd ~(frg 20, (130)
Solute
e 06,0 Coc
{Rd ™ = [Acll T30+ [Accl D50~ [Beyl {w} +[Berl{T} +[Bcc{C ~{fcg #0, (131)
o¥t o aovta
where
{Ry}, {Rr}, and {Rc} areresidual vectors for the water, heat, and solute transport equations
[kg dtm™, [cal dtm™], [mol kg tmZdY;
{Y}, {T},and {C} areelement vectors of pressure head, temperature, and solute
M6, 0 M6y0 CHTO e concentration[m], [°C™Y], [mol kg™Y];

Oy O» Oy O Gy O and Ot O are element rate change vectors of liquid water, water vapor, temperature,
Pto @t o P PO and solute concentration [d™Y], [}, [°C d"Y], [mol kg™ d"Y:
Water transport:
[Ay] and [Ay,] are element liquid and vapor capacitance matrices [m?], [m?];
[Bw], [BwT], and [Bq,C] are element conductance matrices for pressure, temperature, and solute
[kg m?d?], [kgm?td?loc, [kg? moltmtd?;
{fyx} and {fyot={fp}+{fLd} areelement force vectorsaccounting for gravitational potential and point
source [m?], [m?].
Heat transport:
[Ar ], [Ar], and [Agc] are element liquid water and vapor capacitance matrices
[cal mY], [cad m™°C Y, [cal m™ kg molY;
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[Byyl, [Bytl, and [Byc] are element conductance matrices for pressure, temperature, and solute
[md?y], [m?d?l°cy, [m?d?!mol kg'lj;
{frc} and {frq}={fro}t+ {fr¢} areforce vectorsaccounting for gravitational potential and point source
[ca mtd], [cal mtd?l].
Solute transport:
[Aci] = C[AyLl, [Actl, and [Acc] = R [Ay] are element liquid water, vapor capacitance matrices
[mol kgt m?], [cal mt°CY], [m¥;

[Beyl, [Betls and [Bec] are element conductance matrices for pressure, temperature,
and solute[mol kg mdY], [mol kgt m2dtecly, [m?dYy;
and

{fcot={fcp} + {fcd} isan element force vector accounting for point source
[mol kgt m? Y.

Derivative Boundary Conditions, Point Sources and Sinks

Thetwo types of field conditionsthat occur are called specified (Dirichlet) and derivative (Neumann) bound-
ary conditions. Both of these conditions are embodied in the following generalized mathematical equation

D a—(pcose+D a—(psinG:—M +S, 132
X'y yay @y

where
Dy, Dy are physical property coefficients oriented along the principal X- and y-directions,
@ isthe dependent field variable,
@, isan unknown value on boundary I', and
M and S are coefficients that depend on the applied boundary condition and equation being solved.
In the present formulation, several coefficient combinations are permissible to account for water transport at or
near the solution domain boundary. For example, the water transport equation parameters may include @ =y [m],
@ =Yp[M], M =0y [m d1], s= OmWo, Where gy, , Yp, and Y are the respective liquid water boundary flux
(evaporation, percolation, and/or drainage) [m d'l], boundary pressure head [m], and ambient (background)
pressure head [m]. Sometimes | etting the boundary flux and pressure head fluctuate based solely on the amount of
liquid water present may be advantageous. This condition, known as the unit hydraulic gradient, isimplemented
assuming gig = 0 and :—y((p) = 1, which leads to M@,= K, if S=0.

Heat can be carried vertically to, or away from, the boundary surface by turbulent bulk flow. Thisturbulent flow is
proportional to the temperature difference between two distances (or heights). In this case, the heat transport equa-
tion parameters may include: = T[°C], @, =T, [°C], M =Czhy[cal mt°Cctdl], s=Ch,Ty[ca m2dY,
where hy and T are the respective turbulent transfer (convection) coefficient [cm'2 d1] and ambient air tempera-
ture [°C]. Similarly, the parameters for solute convection to, or from, a surface may include: @ = C [mol kg1],

@, = Cp, [mol kg, M = g, [m d}], and S= q,Co [m d'L mal kg™Y], where g, [m d}] and C, [mol kg™!] are the
respective moisture flux and background solute concentration. According to van Genuchten and Alves (1982),
application of the convection boundary conditions correctly evaluates volume-averaged solute concentration for
semi-infinitefield profiles. This assertion is assumed to hold for the more general case of mass and energy profiles.
Also, in the case of impermeable and/or insulated boundaries, or on axes of symmetry (M=S=0), the boundary
equation simplifiesto

ng—‘)fcose + Dyg—(-;sin(-) =0. (133)
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At boundaries of outflow of fluid, a requirement that must be satisfied is continuity of mass and energy.
In the case of solute, Cy = C,, Where Cy and C,, are the respective initial and boundary exit concentrations. The
addition of an extraunknown (C,) leadsto an |ndeterm| nate system of equations; therefore, an additional equation
is needed to fully describe the ground-water system where solutes are present. One such equation is based on the
intuitive assumption that solute concentration is continuous across the boundary, where C(x,y,t) = C4(t). Substitu-
tion of this equation into the general boundary equation leads to the frequently used zero concentration gradient
boundary condition given by

D %QCOSG+D %Csme 0. (134)

This equation is based on the assumption that the concentration is macroscopically continuous (Danckwerts,
1953). A similar sequence of reasoning is assumed for both water and heat fluxes across outlet boundaries.

Theinclusion of the derivative boundary condition into the finite-element analysis of field problems
follows the procedure outlined by Segerlind (1984), where the general inter-element contribution { 1} €is
defined as

{ne 1[[N] E) cos(9+Dya sm(%dr (135)

For atriangular element, this represents the sum of integrals for al three sides, with integration performed
around the element in a counterclockwise direction. Here, the interelement contributions are identified as those
that originate from a domain and/or interior boundary. In this case, the two components are written as

{1°={2°+03° (136)

where
{Ip} € and {1;} € are the respective vector boundary and interior contributions with{1;} € is a vector of zeros
because of flux cancellations across interior boundaries (equal and opposite signs).
The boundary contribution is evaluated as

e 6(p 09
{},. = _.J[N] D, cosB+D aysme M@, +S. (137)
Substituting
{1,3°= gl [N]" (M@, —S)dr, (1398)
into equation 137 and then substituting
= [N|{g} ° (139)
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resultsin

{1,3°= SJ’M[N]T[N]dI'é—JS[N]TdF. (140)

A similar operation is conducted for {1} ® but after summarizing contributions across element boundaries from
opposite directions, the net result isto cancel the contribution. This equation can be simplified as the following
eguation

{1,g © = [kyl{®} ={fd, (141)

where
[kyl® = 'J'M[N]T[N]dr and (142)
{(t3°= rl's[N]Tclr. (143)

Considering alumped mass approach, evaluation of these two integrals (egs. 142-143) leadsto

ML..|100 MLikloo ML.. 000

k
[kM]e:TIJOJ.O +——|000* 010 (144)
000 001 010
mo oo mon|
e_SL”-DD SL, 00 SijDD
fg = 5 00+— 0 +—-00, (145)
0 0.0
98 "85 89

where Lj;, Ljy, and L are lengths along sides of the element between nodes ij, ik, and jk. Because fluxes from
adjoining elements cancel acrossinterior boundaries, those terms that do not have a length along an exterior

domain boundary drop out of equations 144-145.

Solution Procedure

In this section, the procedure used in VST2D to numerically solve the coupled water-heat-sol ute transport
problem is described. In general, the numerical solution procedure requires time discretization of the previously
derived matrix-vector relation, incorporation of derivative boundary and initial conditions, point sourcesand sinks,
guasi-linearizing the system of equations by Picard iteration, consideration of Peclet and Courant numbersto avoid
numerical oscillations, and matrix solution. In the following sections, each of these topicsis discussed in more
detail.

48 Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in
Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density



Time Discretization

To solve the time-dependent transport problem, an implicit (or backward) finite-difference approach is used
because this approach is unconditionally stable and convergent. In this case, the formulation is devel oped with k
and mrepresenting time step and iteration number, respectively. Multiplying by the time derivative and collecting
like terms resultsin residual equations for water, heat, and solute given by
Water

k+1,m+1

k+1,m, ;k+1, m+1

{R} = L ALALT < ey ~65} +p L [Ap]
_‘_A,[[Blplp]k+l,m{Lp}k+1,m+1_'_At[BqJT]k+1,m{.l_}k+1,m+1_At[BqJC:I {C} +At{quK}
~At{ f,g Tt 20, (146)

k+1,m, Ak+1, m+1

{6y
k+1,m

k
-0y}

k+1,m+1 k+1,m

Heat

k+1,m+1

{RT}e = [ATL]k+1,m{eII_<+1,m+1 _et} +[ATT]k+1,m{Tk+1,m+1_Tk}
+[Ard] {Ck+1,m+1_ck} A t[Br,] ()} k+1'm+1+At[BTT]k+l’m{T}
~At[Br MG M A £ At £ g T M2 0, and (147)

k+1,m k+1,m k+1,m

Solute

k+1,m+1
m k+1,m+1

{R3° = [Acl {6, _ng} +[Acc]k+l'm{Ck+1’m+1_ck}
_At[BCLp]kJrlym{qJ} k+l'm+l+At[BCT]k+l'm{T} k+lym+l+At[BCC] e
-8 feg 0. (148)

k+1,m

k+1,m k+1, m+1

Due to the nonlinear relation between coefficients dependent and variables, a Taylor series expansion is
applied to the corresponding rate change of dependent variablesin the governing transport equations. In turn, their
corresponding matrix-vector formulation isincorporated into the numerical model to achieve satisfactory massand
energy balance. For example, consider the liquid-water derivative 00, (appearing in each of the governing equa-
tions) defined as

3, = (of Mt _gl ). (149)

Expanding 6 k+1,mi1 by Taylor series and neglecting higher order terms gives

k+1,m+1

eL k+1,m +ae|_

0e, —_t

oy

+l&_ k+1, m(Tk+1,m+1_T
oT

k+1,m k+1,m+1 k+1,m)

W

k+1'm(Ck+1’m+l—Ck+l’m)- (150)

k+1,m)+ﬁ_
oC
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After achangein variables (Cy, = 06, /0y), substituting this result back into equation 149 gives

+1,m

k
aeLD(9t+l'm+l _eLk+l,m)+CquJk+1,m+l_Cprk+l,m+aeLaT Tkt m+1
k+1,m
06 7 _k+1m 06'{”’”‘ k+im+1 99 k+1m
) | B L 151
oT T + aC c aCC ( )

Application of this expansion to the liquid derivative term in equation 146 results in an equivalent matrix-vector
formulation expressed as

k+1,m, ,k+1, m+1

{6,

k+1,m

k+1,m k+1,m k+1,m k+1,m+1

k
-8} =p L/\[Aqu_]

08
k+1, k+1,
T p AETAL T

k+1, m+1

pL/\[AqJL] {46} + pL/\CqJ[AqJL] {u
00
k+1,m+1 L k+1,m
_pLAF[ALIJL] {T}

gkrtm (152)

k+1,m

{u}

k+1, m{C}

_pL/\Cw[AwL]

k+1,m
{

6, 8,
+pL/\%[A¢L] _pLA%[AwL]

Simplifying this expression gives

k+1,m, ,k+1, m+1

G
+[AI{T

k+1,m k+1,m k+1,m+1

—6} ={fy)

k+1, m+1

pL/\[AqJL]
k+1,m
—{fyyt

+[A

k+1,m

{u}
k+1,m{c} k+1,m+1_{waL}k+1,m’ (153)

pyl

(g M Ayl

where
[Aggl ™ = p AC,[Ay 1™ is an element capacitance matrix resulting from
expansion of the change in liquid-water about
pressure head [kg m™?];
{fl]JL} k+l,m _ pL/\[AljJL] k+1,m {AGL} k+1,m and
{fpgt M = [Ay 1M { <™ are force vectors resulting from the expansion of
changein liquid water about pressure head
[kg m;
is an element capacitance matrix resulting from
expansion of the change in liquid-water about
temperature {kg m °CY;
[y ] <™ = [Am 1< ™ THIM s aforce vector resulting from the expansion of
changein liquid water about temperature
[kg m;
is an element capacitance matrix resulting from
expansion of the change in liquid-water about
concentration [kg? m™L mol™]; and
[fycL] <M = [Ayc M LM is aforce vector resulting from the expansion of
changein liquid-water about concentration
[kg mY.
Similar expressions are obtained for Taylor series expansion of the liquid derivatives appearing in the heat and
solute equations; the only difference is these terms are scaled by heat and solute related coefficients instead of
storativity. For example, { fry} 1™ = [Aq, ] N Mg M [cal m and {710 M = [Aq KM Ag, LM
[cal Y] are force vectors for heat transport equations, where [Aq, 1<*2™ = £, [Ay <M and [Ag 1<1M =
f2 [Atlt(L] k+1,m, {fCC} k+1l,m _ [AEC] k+1,m{ C} k+1,m [mZ], {fCl]J} k+l,m _ [ACljJ] k+1,m{ LIJ} +1,m [mol kg-l m], and
{for 1M = [A 1 2™ A8, } M [mol kg™t m?] are force vectors for solute transport equations, where

[ACLU] k+lm _ C [AL|JLIJ] k+1,m.

k+1,m

{16} = {8l "™ —8} [Ayn]

k+1,m k+1,m

08,
= pLAﬁ'[AlpL]

k+1,m k+1,m

(A ] = o AL A
wCL = PL 6C[ wd

50 Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in
Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density



Next, the water vapor derivative associated with rate change in the water transport equation is expanded
using a Taylor series given by

e\l;+l m+1 |]e\l;+l m 09 k+1vm(wk+l,m+l_l“k+l,m) a8, k+1'm(_|_k+1,m+1__|_k+l,m)
6L|J T
k+1,m
+ %% (ckrhmei_chketm (154)
oC
k+lm aek+1,m k+1,m k+1,m
k+1,m k+l,m+1 00v k+1,m+1
66V D(GV —GV )+ — llJ Y an U] +TT
_ae'{,*l'”‘ . m+69k tLm ckrim+i_ gprtt™ ck+im (155)
oT oC oC ’

The corresponding matrix-vector formulationsfor the water vapor derivative in equation 146 can now be written as

k+1,m k+1,m{ k+1,m+1

k+1, k+1, 1 k
LA T Tey T —eg ) = {
k+1, k+1, k+1, 1
“{fyvg AT

(M A TG

A )

k+1,m k+1,m k+1,m+1

~{fyen (156)

where

k+1,m

_ 96y
[Alpv] = pLW[AlUL]

k+1,m

is an element capacitance matrix resulting from
expansion of the change in water vapor about
pressure head [kg m™],
gw Opgp T CqJ(S —1) isavapor capacitance term [m’ ]
{4 ™= p [Ay 1K M { A6} M and
{Tvgt <™= pL[A <Y M { W K1 ™ are force vectors resulting from the expansion of a
change in water vapor about pressure head [kg m™],

k+1,m _ k+1,m k k+1,m

{06} = {0y -6V} [Ay7y] = pL 3T [ALp,_] is an element capacitance matrix resulting from
expansion of the change in water vapor about
temperature [kg m™ °C1j,

{fun ¥ M= [AA< L M { Ty Mis aforce vector resulting from the expansion of change
in water vapor about temperature [kg m™],

[AqJC\,]k+ M=o, ac [Aw,_] is an element capacitance matrix resulting from
expansion of the change in water vapor about
concentration [kg® m™ mol 1], and

{fpovt ™ M= [Ayel *t M{ K+ Mis aforce vector resulting from the expansion of change

in water vapor about concentration [kg m™1].
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Theremaining rate change derivatives occurring in the heat equation (f10T, f30C) are determined by applying
aTaylor series expansion of heat content about temperature and concentration

k+1, k+1
HiT B Mgyl hmy OH TR Mk hmed_phetm o ETR Mkt mel_gkrtm (157)
T aC
k+lm ok OHKFLM igmer gHKFLM_k+lm gyk+dm yopqmeg gHk*Lm k+1m
oH O(H —HY) + == -7 +s8 -3¢ , (158)

The corresponding matrix-vector formulations for the heat content derivatives are then written as
[AqJL] k+1,n¥Hk+l,m+1_Hl} — { fTH} k+1,m+ [ATT] k+l’"¥T} k+1,m+1_{ fTT} k+1,m' (159)

k+1,m

[AwL]k+l'm{Ck+1'm+l—Cl} :{fTC}k+1,m+[ATC]k+l,m{T}k+1,m+1_{fTCH} , (160)

where
[Ar]K*h ™ = dH/dT [Ag 14" ™ is an element capacitance matrix resulting from an
expansion of the change in heat content with temperature
[cal m1°CY,
dH/dT Of, isthe global heat capacity (assumes that small changesin
heat cogtentlare approximately linear with temperature)
[cad m™°C],
{fTH} k+l, m _ [ALIJL] k+1, m {AH} k+1, m [caI m-l] and
{3 M= (A TS M [cal m™Y are force vectors resulting from the expansion of a
change in heat content with temperature for application to
the heat transport equation,
[Arc]*"™ = dH/AC [Ay 1™ isan element capcitance matrix resulting from expansion of
the change in heat content with concentration
[cal m™ kg mol™Y,
dH/dC [Of5 isaglobal latent heat term (assumes that small changesin
heat content are approximately linear with concentration)
[cal m™ kg molY],
{frc} "+ = [Ap ]S AR} [cal m) and
{frept KM = [Ar M { Cy 1™ [cal m™Y] are force vectors resulting from an expansion of the change
in heat content with concentration for application to the
heat transport eguation.

Lastly, the rate change derivative for concentration in the solute equation (RAC) is determined by applying
aTaylor series expansion about the total solute mass (dissolved and sorbed) as

k+1,m
Mé+1,m+1 DMé+1,m +6(;\ACC (ckrimel_ckedm (161)
OM k+1,m oM k+1m k+1m
k+1, k C k+1, m+1 C
aMC:(MC m _MC )+% m __GC (162)
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The equivalent matrix-vector formulation then becomes

]k+1,m k+1, m+1 k k+1,m

[Aqu_ {Mc _Mc} :{fCM} +[ACC]k+1,m{C}k+1,m+1_{fCMC}k+1,m, (163)

where
M isthetotal solute mass [mol kg™,
[Acc] = dMc/dC [Ay] isacapacitance matrix resulting from an expansion of the
change in mass with concentration [ m2],
dM/dC OR, isaretardation factor (assumes that small changesin total
solute content is approximately linear with concentration)
[dimensionless],
{fCM} k+lm _ [Al]JL] k+1,m {AMC} k+1,m [mZ mol kg-l] and
{fomat M = [Acc] M C} 4™ [m? mol kg™!] areforce vectors resulting from the expansion of achangein
total solute mass with concentration for application to the
water transport eguation.
These matrix-vector expansions areincluded and the overall expression is rearranged with new and old time
stepsgrouped on theleft- and right-hand-sides, respectively. Thefinal residual equationsarewritten for water, heat,
and solute transport as

Water
(LAl ™ AT 2™ AtTB, 1 Mgy K
+AthTk+l’m{T} k+1,m+1_At[Bch]k+1,m{C} k+lm+1 _ { fL|JV} k+1,m+{ fllJL]J} k+1,m_{ quL} K+1,m
+{ fL|JVL|1} k+1,m_{ fq,uv} k+l'm—A'[{ quK} k+l'm+At{ wa} k+1,m, (164)
Heat
(LAl ™=t By T M M (AT At B T YT
+([ATC]k+1,m_At[BTC]k+1,m){C} k+1,m+1:{fTT}k+1,m+{ fT(_‘} k+1,m+{ qu} k+1,m_{ fTH} k+1,m
—{ frent k+l’m—{ fr} k+1'm—At{ frd k+l’m+At{ froh kot " (165)
Solute
(A M= at[Bey < M My K™ e At M Yy
(AT M4 At B T M g ke
:{fc& k+1,m+[wa]k+1,m+{ fcq;} k+l,m_{ fc|\/|} k+1,m_{ fCL} k+l'm+At{ fCQ} k+1,m' (166)
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Combined Element Matrices and Vectors

[M]¥{x}© = { b} ®, where

54

ad
H BLplI"ii YT _BUJCii BllJlIJij BLl'lTij _BUJCij BllJllJik BLUTik _BlIJCik
H _BTlPii TT; _BTCii _BTquj BTTij _BTCij _BTwik BTTik _BTCik
E _BCUJii BCTIi Bccii _BC‘UiJ BCle Bccij _Bcwik BCTik Bccik
E BLIJLle| BLVTp _chji BllJLlej BLUT“ _chjj Bll'“‘pjk BLIJTjk _chjk
e _
[M]™ = g“ —Bry, Brr, Brc, Bry, Brr, —Brc, Bry, Brr, ~Brc,
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o |- _ _ _ _ -
H BTqul TCyi BTCk| BTquj BTTk] BTCk] BTquk BTTkk BTCkk
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tel o Fe, = feo, * foy, ~fer, = fom, *Atfeq,
EHJE E ij = fLULUJ_flIJLi + fwvi—waqu—At(fij— waj)
ad —
(=0 0 (B ®= H:Ti = fTT] + chi + le]JJ-_ fTHj_fTCHj_ fTLj_At(fTKj_ fQT
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On an elemental basis, the residual equations 166-168 now assume the familiar matrix-vector form

Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in

~—

Ooooooo00ooBo0o00000000

(167)



GG SPOUIBIA [edLIBLINN

Jaquunu apou [eqo |6 syl aeipul siduIsgns € ‘Z ‘T 8yl a.eym

<)
it
m Zn_. N m [ NN 2 NN 2 1 I NN 2 EN. 2 EN 2 EN 2 ZN 2 ZN 2 ZN 2 N 2 TN 2 TN cH
SRR oy~ oMMy < g 0 0 0 0 0 0 00g { "oog{ Mog{ Mhog { ™oog { “iog { Mhog. { Moog { Miog{ Mhog L
0 al] . . . . . . . . . . . . . . . . . . . .
Dzzau_WD N
O O 0O
0 0O 0ON,O
15

m m mz _\—m €€, 2 €€ 2 NE. 2 €€ 2 €€ 2 €€ 2 Zg. 2 € 2 z€ 2 TE. 2 1€ 2 1€ 2
. o0 a4 o 0™y { g oy { 0 0 0 0 0 00g (- ®oog { Frog'{ Fmog L *®oog{ *Fiog{ ®mog "{ ™oog{ "iog{ *mog
O s U 0.0 B B B B B B B B 9 9 B B} B
mmou_Wm m m 0 0 mmotqw ftqw mmabqw 0 0 0 0 0 ngm_lw.: aokmlw mmtm_w mmakmlw Nmokm_lw Nmtm_w Nmakm_lw agm_lw aokm_w Eﬁm_lw
mm 50 mm - Aty g, S Moot "¢ Fotg "¢ Bing ¢ Fhig " Fohg ¢ Fihg ¢ Fhhg ¢ Fomg ¢ Sihg ¢ Fhig
m .ru_Wm mom 0 0 0 0 <W+ <W 0 0 0 0 0 m_IW a- m_W m_W m_IW mw m_W m_lw m_w mw 5

m
D 3 _H_ _H_N _H_ r44 2 t44 2 r44 2 NZ. 2 j>r4 2 j>r4 2 € 2 ze. 2 t44 2 r44 2 TC 2 T 2 %4 2
mNon_Wm mom 0 0 0 0 otqw C<W atqw 0 0 0 okm_lw.: okmlw tm_W Em_lw otm_lw th Em_lw OPm_lw ﬁm_w apmlw
m =] m le_lm NN>_\_._ 2 NN—._.:? 2 ZNU—? 2 mNU—._._ 2 mNn_uﬂ? 2 MNJ:# 2 NNU% 2 NNn_uﬂ—_ 2 NN—#% 2 HNU% 2 HNn_ua 2 HNﬂ?_\_._ 2
DN._.H_W_H_ 0] 0 0 0 0 0 0 <W+ <W 0 0 0 m_lw m_IW m_w mw MIW m_w m_w m_lw mw m_w
m ) m mﬁom 90 e a1, v N9o e ... 99 e 19 e ho e 99 e a19 v Tho e ize}e) e 1o e Tho v
DNaH_Wm mﬁ m 0 0 0 0 0 0 0 <W 0 <W mW m_W mW mlw mw mw mlw mw m_w mlw
0 1
mﬁo Nm_ mﬁam 0 0o o 0 0 0 0 :otqw :C<N :atqw Eurm_lw:. mokmlw mtmw makm_lw morm_lw mtmw uakmlw :obm_lw :ﬁm_w :apmlw
O 43g
m:uwm 0 0 o 0 0 0 0 0 0 :>9<N+:3<M | zoamTM... zoamw szM maamw uoamTM mSmN saamw :oamTM :smw :aamw
0 0 ) )
0, 20
o5 <0

Aq paredipul se Jayelos pappe
d.Je JBqunu apou awes ay) BuiAey suoinguod eiuswie p Bulpuodsaliod 8yl ‘GT-ET pue ‘6-/ ‘S-T Suwn|od pue
smoJ Adnodo G pue ‘g ‘T Sepou Ylim pateidosse suoirenbs eqo|b ‘ajdwexs 104 “lequunu 2101 8yl 01 A|[edIuolouowl
Buiseaoul pue T apou Yiim Buluuibag paubisse a.e suoirenba a1n|os pue ‘leay ‘Jjetem Jo s [d1aeym walshs rego|b
e 01 paddew a.e sJeguinu apou WaWa B [e20]| 3y} ‘poyew siyl Juswe [dwi o] (86T ‘pullebas) poylewl Ssau s
10941p 3y Busn pays1jdwiodde s1uoIrewWNS SiYy 1 "X 1U7ew [egqo|f e urigo 0] pauiguuiod a.1e SUOo NG LIIU02 JusWe P [en
-PIAIPUI ‘UTRLLOP UONN|OS 8Y) J0) Suoirenbs ueIgqo 0] “usWwe P a|buise 10) a/eM aA0Me suoirenba X Lrew ay |
'SOPOU 8S0Y] 8.eys eyl Siuswis p
U} I PO 1I00SSe S1US 1011909 JUSLLS B 048ZUOU U1 Pa1J8 |)21 8 ||IMasuodsal ey Jo apniiufiew ay) ‘sspou BuLiogybeu
e asuodsal ayl Aq pa1de)fe slapoue || “uawsp Jad suoirenbs g pue uoirenbs Jad Sjuain1yjeod 6 :JusWid jp auo Aue
U1IM paTRI00SSe 8.Je S1UB 1014902 T8 ‘[R101 U| "ApAndadsal Y pue [apou y1im paeioosse ae (-, pue 9-f7 SMoJ) suon
“enbo 38U JO SIBS 0M] 1XaU BY) SeaeyM ‘13pouU YlIM paIe100sse ae (£-T SMOJ) suoirenbs aaiy) 1si1ay 1 “epJo Yyl
Ul U] e SuoITenbd SN |os pue ‘Teay ‘eTem ay) ‘69T SuoITenbd ul UBAID UOITR |NLLIO) XLITeW JUSWR B 3yl U|
"APANISdsal ‘siequunu apou [eao] pue adA) uoirenbs syl aedlpul
S pue ‘I *1pue o pue L ‘h siduosans ‘[ 63 jow ,w] 2 ‘[.w o] L *[;.w 6] M5 saaneALep SWw pue suonIpuod
UUBLINGN JO 351Medaq 35 e Jey S)us 013§e00 Bu oy ayiases 4 ! [w] 2Oy ‘[ 63 jow w] MOy [;.w 1 jow By [eo] Py
: r-oo W o] Ly ﬁm-E o] My * ﬁm-E 6] MMy :s0UspUBdap AW 1} JO 3sMeda 3s Lie SIUB 1D 1j909 adA1-aoue) Iveded v
pue [, p ,w] 93g ‘[P ;0 1.6 jow ,w]L3g [ p B o w] Mg ‘[ p ;_jow ; wi By o] Olg
'[P 100 7. 0] Hg ‘[, wi 0] Mg [ p W jow B3] Mg ‘[0, 1 p . w Bx] LG [ p, w bx] Mg
SPWeed parpl pue eLBRW JO 8snedasd as e S1Us 101900 adA1-80uednpuod g Juswe e ay L



Thefinal form of the global matrix becomes

My, Myt Myc,, Myy, Myr,, Myc,, Myy,, Myr,, Myc,, - Mye,, [OTa0 O
Mry, M1, Mrc, My, Mpp Myc Mpy My Moo My 0G0 O cg
Mcy, Mct,, Mcc, Mcy,, Mcr, Mcc, Mcy,, Mct,, Mcc,, -+ Mcc,, 829 0
Myy, My, Myc, Myy, My, Myc, Myy,, Myt,, Myc,, - Myc,y|g'25 g g
MTL|J21 MTsz_ MTC21 MTl]JZZ MTTZZ MTC22 MTL|J23 MTT23 MTC23 MTCZN O
MCL]J21 MCTZl '\/ICCZ1 MClszz MCTZZ MTC22 MCl]J23 MCT23 MTC23 MCCZN E _ (169)
My, Myt Mycy, Myg,, Myt, Myc,, Myg,, My, Mycy, - Myc,, @Tsé ) EstE’

M1y, M1, Mrc, Mry, Mrr, Mrc, My, M7, Mrc oo Myc DC3D PO

0o o O O

MCLIJ31 MCT31 MCC31 Mcwsz MCT32 MC032 MCT33 MCT33 MCC33 MCC3N E E E ' H
00 O0-0

o.-d O O

%JJ O 00

NO  [b, O

O 0 O%O0

;Mchl MCTNl MCCNl MCL"'NZ MCTNz MCCNZ MCwN3 MCTN3 MCCN3 MchN‘ @pNE %)TNH
NCI %) g

c\J

where
M’s arethe global three-node element conductance—type coefficients: MLf [kgm2],
g1 [kgmt °c ™M ﬁ,c [mol m™], My, [caI m2, M1T [cal mi°CY,
MTC [cal kg m™* mol], Mgy, [m mol kg 4, Mgt [m? mol kgt °CY,
Mcc [m?];
b's arethe gl obal three-node forcing coefficients: by, [kg m™Y], by [cal mY,
bc [Mm? mol kg™Y]; and
subscripts Y, T, C; and |, j, k indicate the equation type and global node numbers, respectively.
Equation 171 is nonlinear because entries in the global matrix [M] and right-hand-side vector { b} depend on
unknown property values of water, heat, and solute diffusivities. Because these properties are functions of pressure
head, temperature, and/or concentration, the M;; valuesin the global matrix [M] are not actually known prior to
solving the equations. To solve this set of nonlinear equations, the system of equations is made quasi-linear by
evaluating matrices using an iterative Picard procedure (Istok, 1989).

Dirichlet Conditions

In most field problems, the value of one or more dependent variables (pressure head, temperature, and/or
solute concentration) is specified at one or more nodes, sometimes called Dirichlet nodes. These values constitute
Dirichlet boundary conditions when specified along domain surfaces and are needed to solve the governing partial
differential equations presented earlier. When Dirichlet conditions are specified, the system of equations must be
maodified before a solution can be obtained. This modification reduces the degrees of freedom (DOF) and, there-
fore, global system of equations. For example, if N and D are the respective number of total and Dirichlet nodes,
then DOF = N - D and the global dimensions are DOF by DOF.
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In general, the position number of a specified field variable in vector { X} corresponds to the row (equation

number) and column that must be removed from the global matrix [M]. For example, if pressure head, temperature,

and solute concentration were specified at node 2 (Y, , T, Cy), the global modification would result in

where

Myy,
M1y,
Mey,,
Myy,,
M1y,

MCllel

Mcy,,

WTy
M TTy,
MCTH
MlIJT31
MTT31

MCT31

MCTNl

WCy WY
MTCn MTLUB
M CCyy M Cuys
M YCyy M Vg
MTC31 MT¢33

MCC31 Mc%s

M CCNl M CqJN3

WTys
MTT13
M CTy
WTss
M1t

MCT33

|VICTN3

Mcc,, - - -

Mcc,, - - -

Mcc,, - - -

WCy *

Mrc, - -

WCs *

Mrc, - -

MllJclN
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1= Myy Wo+ Mpp T+ Mgc Cy,

1 = Mgy W2t Mcr  To+Mcc G

by, = MUJUJ32w2 * MUJT32T2 * Mw032C2 !

b1, = Myy Wo+ Mg To+Myc Cy,

s = My, W2+ Mcr, To+ Mcc Co

... equations for nodes 4 through N-1
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N

by, = MqJLPNzLIJ2+ MwTN2T2+ MLUC12CC' (178)
N

b ry = Myy W+ Myg To+Mpc Cs. (179)

N
b1y = Mgy W+ Mcr T+ Mcc Co (180)

In addition, if concentration at node 3 and pressure head at node 4 (C5 and y),4) a so were specified, row and column
numbers 6 and 7 in the original matrix also would be deleted and additional terms would be added to the force
vector components above (except equation 167 that would be used). For example, the force vector components
would now become

bly, = Myy Wa+ Myt To+ My Cot Myc Co+ My, W, (181)
b'r, = Mry, W2+ Mr7, To+ Myc Cot Mg Ca+Mpy Uy (182)
blc, = Mcy Wo* Mcr, To*+Mec Co*Mcc, Ca* My, Ws (183)
by, = Myy Wo+ Myr To+Myc Cot Myc Co+ My, W, (184)
br, = Mry W2+ Mrr T+ Mrc Co+ My Cat+Mpy Uy (185)
... equations for nodes 3 through N-1 (186)

by, = My Wo+ Myr To+Myc Co*tMyc Ca+Myc U, (187)
b'r, = Mry Wot Myr To+ Mg Cot Myc Cot Mg Wy (188)
b'c, = Meyn, W2+ Mcr T2+ Mcc, ,Co+ Mcg C3+ Mg Wy (189)

Asindicated here, not all field variables at a given node need to be specified at one time. Values can be specified
at interior nodes as well as boundary nodes. When values are specified at interior nodes, these nodes become

in effect a source/sink for the associated specified variable (pressure, temperature, concentration). Permissible
combinations may include pressure head, pressure head-temperature, pressure head-temperature-concentration,
temperature-concentration, temperature, and/or concentration. The only time concentration would be specified
isinapurely diffusive problem. This situation may arise in thick unsaturated settings subject to long term semi-
or arid-climatic conditions.
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Aspreviously indicated, Dirchlet conditions can be specified in various combinations of dependent variables
and at all nodes, boundary nodes, or acombination of interior and boundary nodes. By specifying two dependent
variables at all nodes resultsin effectively decoupling the corresponding governing equations. If these conditions
are chosen to maintain a constant-domain value (iso), the numerical solution trivializes to the classical solutions
of water transport (isothermal, isohaline), heat transport (isobaric, isohaline), or solute transport (isobaric, isother-
mal).

Neumann Conditions

Rates of ground-water flow, heat, and/or solute (fluxes) can be specified at one or more nodes, sometimes
called Neumann nodes. These val ues specified along domain boundaries constitute Neumann boundary conditions
and can be used to represent specified flux rates of ground water, heat, and/or solute concentration into or out of
the domain. When Neumann boundary conditions are specified, some entriesin the global matrix [ M] are nonzero.
The equation for computing the element contribution to the global { F} matrix at node i was presented in the
previous section titled Dirichlet Conditions.

Initial Conditions

In addition to boundary conditions, initial conditionsal so must be specified to solve atransient ground-water
transport problem. Examples of initial conditionsinclude moisture content or pressure head for the water equation,
temperature for the heat equation, and chemical concentration for the solute equation. In theVST2D modél, three
initial values are required for each node point. If volumetric moisture content is specified, the program back cal-
culates values of pressure head on the basis of the van Genuchten power function described in the “ Properties and
Parametric Relations’ section. In general, the initial conditions usually represent some known or assumed steady
state or equilibrium period. InVST2D, boundary conditions are read after the initial conditions are established so
they will overrideinitial conditions for the same boundary nodes.

Picard Iteration

A Picard iteration with an incremental solution procedure, sometimes called the modified Newton-Raphson
method (Istok, 1989), isused in thismodel because of the sensitivity of global matrix coefficientsto small changes
in dependent variables. This Picard procedure requires specifying initial values of temperature, pressure head, and
solute concentration. These values are used to compute a set of initial property values, for example, hydraulic
conductivity, saturation, capacitance, heat capacity, latent heat of vaporization and others, which then are used to
build elemental matrices. The elemental matrices then are combined to construct a global coefficient matrix [ M]
and vector { b} as previoudy described, where [M] {x} ={b} . Next, boundary conditions are accounted for in the
system of equations and aresidual vector is computed by

{(R™ =" oMy " (190)

The system, [M]™ ¥ dx} ™= { R} ™, then is solved for changesin the solution vector { dx} ™ using aflexible
direct quasi-generalized minimum residual method (FDQ-GMRES; Saad, 1996). An iterative solver of thistypeis
required for two reasons. First, the FDQ-GMRES method allows for varied step-by-step preconditioning thereby
avoiding accumulated roundoff error that may otherwise occur because matrix coefficients vary over many orders-
of-magnitude. Second, the FDQ-GMRES method can handle the nonsymmetric matrix that arises because of the
solute transport equation. Convergence is checked by comparing the relative change between new and old values
of pressure head, temperature and concentration; for example, (new - old) / new, with aprescribed tolerance value,
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such as 0.01 percent. If all three dependent variables did not converge, the next trial solution is computed for a
subsequent iteration and the procedure repeated using

("= " wfdg (191)

where wisaweight usually set to 0.5.
Upon satisfying all three convergence criteria, the time step is advanced with current dependent variables used to
formulate initial parameters, matrices, and vectors.

Peclet and Courant Numbers

The advective-dispersion transport equation can be difficult to solve numerically, particularly when
advection dominates over dispersion. In this situation, the Galerkin finite-element solution can result in
numerical oscillations near the concentration front. These numerical oscillations tend to be more severe as
the concentration front becomes sharper, that is, when advection becomes more dominant. According to
Huyakorn and Pinder (1983), if dispersion is greater than zero, numerical oscillations can be avoided when
using a Galerkin finite-element approach and linear interpolation functions provided the element sizeis selected
o the Peclet (Pg) number does not exceed 2. The dimensionless Peclet number relates the effectiveness of mass
transport by advection to dlsperson The Peclet number istypically defined as P, =V L;;/D;;, where V is the mini-
mum domain pore vel 00|ty [m d, Ljj is the maximum domain element length [m] and Djj is the maximum
dispersion coefficient [m? d™1]. In cas&s of nonuniform flow, Huyakorn also noted that only m| nor oscillations will
result even when the Peclet number isashigh as 10. Moreover, Pinder and Gray (1977) have shown that aGalerkin
finite-element sol ution can be free of oscillations with a Peclet number as high as about 5. For thisreason, VST2D
computes and writes to the screen and outpuit files the maximum acceptable element length at each iteration and
time step on the basis of a corresponding Peclet number of 5. The determination to stop the simulation, however,
isleft to the model user.

Another important criteriain solving the advection-dominated problem is associated with the time step. As
ageneral rule-of-thumb, Huyakorn and Pinder (1983) suggest the Courant number (C,) beless than or equal to 1.
The dimensionless Courant number is defined as C, =Vj; dt/L;;, where V;; [m d” 1 isthe pore velocity, Ljj isthe
element length [m], and dt the time step [d]. By settlng the Courant number equal to 1 and using the mlnlmum
domain pore velocity, the maximum time step alowed to avoid numerical dispersion of the solute front is
calculated. InVST2D, the maximum allowable time step is calculated at each iteration. If the current time step
exceeds the maximum allowable Courant-based time step, the time step then is set equal to the limiting value
and the solution recal culated.

Mass and Energy Balance

Continuity calculations are performed as a means to check the relative accuracy of the numerical solution.
If the model is performing properly, the change in amount of stored water, solute, and heat should equal the net
flux (inflow minus the outflow) with time of water, solute, and heat along permeable boundaries and internally at
source/sinks. Examples of sources/sinks might include water, chemical waste, or heat injection or withdrawal from
from wells; contaminant spills; and/or chemical or biological reactions.
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In practice the difference between the amount of calculated change in stored water, solute, and heat does
not balance exactly with the associated net fluxes with time. The difference between these two quantities, called
residual error, iswritten as

AQ

Ro = ASy— 7 » (192)
AQ

Re = ASc——7r (193)
AQ

Ry = AS, _TtH’ (194)

where
Ry , R, and Ry are the respective solution domain residual errors for water [m?], solute [m? mol kg™,
and heat [cal];
ASy, A, and AS, are the respective changes in solution domain storage for water [m3], solute
[m3 mol kg, and heat [cal];
AQg, AQc, and AQy are the respective solution domain net fluxes along the permeable boundaries and at
internal source/sinks.
Whereas asmall residual error (typically lessthan or equal to 0.1 percent) in the water, solute, or heat calculation
does not guarantee a correct solution, alarge residual error (typically greater than 0.1 percent) may indicate some
problem in the model mesh size.
For a steady-state or closed system problem, the change in storage will be zero. For atransient simulation,
however, the change in storage may occur and can be computed for each element using the change in accumulated
volume of water, solute, or heat given. Discrete volumes at a given time step are calculated using

e_A
Ve = 5(9331 +estj +65S) (195)
c = 3(8sSCi+8sSC+855C), (196)
e _A
VH = §(f1iTi + flej + flka) . (197)

Total volumes for water, solute, and hesat are then calculated by summing element contributions as

Vg = Zve, (198)

Ve= YV, (199)
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The change in storage then is calculated between time steps by

ASl(;+1,m - Vlé+l'm _ Vek
ASé+1,m — Vé+1,m _ Vck
AS_Ii+1,m - VI5+1’m _ VHk

(200)

(201)

(202)

(203)

To compute solution domain net fluxes, inflow and outflow of water, solute, and heat along permeable bound-
aries and at internal source/sink nodes must be summed. Summation of fluxes includes those associated with
Neumann and Dirichlet nodes. Whereas values at Neumann nodes are known, those values at Dirichlet nodes are
unknown and, therefore, must be back calculated. InV ST2D, the equations associated with Dirichlet conditions are
written to a separate matrix for computing these flux values. In keeping with the previous example, if pressure head,
temperature, and concentration are specified only at node 2 (i, To, C,), the associated flux values are calculated

according to the quasi-linear system presented below.

M M M M M M M M M

[Q¢2]k+l,m+l

Wiy TWT, WGy Ty, Ty, TWC, Wy Ty WG, Tt MlIJleN B%D

MC% MCT21 MTT21 MCLUzz MCTzz MTTzz Mszs MCTzs MTTzs T MTTZN %CS

w
OOoOoOoooOooooOoond

PORroN
@) —
Bobio
I
DO000000000000000000000000000
4

S e

NCI

MTLIJZI MTT21 MTCZI MTwzz MTTzz MTsz MT‘Uzs MTTzs MTCz3 T MTCZN ET 0+ D_bT%E

[ o

OOooOoooOooOoodo

+
L
3

/0t .(204)

where the total liquid water, heat, and solute fluxes are Q, [kg d™¥], Qr [cal d™¥], and Q¢ [mol kg™t m® Y] after

multiplying by a unit thickness.

The actual flux values at a given time step will lag behind the updated field variables by a single iteration because
thediffusivitiesareinitially unknown. Theflux of water, solute, or heat isidentified asleaving or entering the domain
by noting the sign; for example, negative and positive values equate to leaving and entering of flux, respectively.
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The total solution domain net flux values calculated by summing element contributions given by

8Qy = ¥ AQp, (205)
AQc = §8Q., (206)
AQ, = ZAQS, (207)

where AQ§ , AQ% ,and AQy; arethe respective element water, solute, and heat fluxes given by

AQG = AQ5 ™ - AQy, (208)
AQE = 8Q¢™M™ - 8Qct, (209)
AQS = 8Q4™"M - aQ,, (210)

Assumptions

Thefollowing list gives a summary of key assumptions invoked during the formulation of this numerical
model. The order does not indicate relative importance in model development and/or application.
» Dependent variables (pressure head, temperature, and concentration) vary linearly within elements.
» Global coordinates are oriented along a Cartesian system: x (horizontal) and y (vertical).
» Physical properties are consistent with notion of representative elementary volume.
» The finite-element domain is two-dimensional: horizontal or vertical plane.

MODEL DOCUMENTATION

A flow chart depicting the (a) operational and (b) matrix sequencing for VST2D and some of the supporting
subroutinesis giveninfigure 7. A general description of the program structure and organization of subroutinesis
provided below.

General Program Structure

The computer program VST2D is designed for simulating transient, coupled water-heat-sol ute transport
in heterogeneous, anisotropic, two-dimensional, ground-water systems. All data input to the main program are
read from four data storage files (with the extension .IN), namely, ELEMENT, PROPERTY, BOUNDARY, and
INITIAL. The ELEMENT file contains element data, including coordinates;, PROPERTY contains material
properties (physical, thermal and chemical); BOUNDARY file contains input boundary conditions; and INITIAL
contains solution criteriaand initial conditions.
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@ % Generate mesh }—» Eoeci'((jiirr?aetzrs]

‘ Read initial conditions {x} ‘4—{ Read boundary conditions {x},{f} }47 Read properties
v

‘ Calculate initial volumes }—»‘ Read stress period‘

N|

v
Form global vectors:

{PH{TH{C} ->{x}, {x} = {x}

Reduce time step: dt=dt*.75 ‘

dt = dt*2

Time step
dt'= Lmin / Vmin

NO dt=dt’

YES
Form elemental conductance, capacitance
matrices and vectors: [A],[C].{f}
v

Calculate properties and parameters;
form diffusivities

12
Form global coefficient matrix and
force vector: [B(x™)],{F}
v
Incorporate Dirichlet conditions
reduce matrix: [B(x™)] »[M(x™)]
¥
Incorporate Dirichlet, Neumann and
convection conditions. Form: {b(x*)}
¥

Form residual:

{R™}={b(x)}-[M(x™)}{x"}

A

First time

‘ Initialize iterative solver
step?

NO

r
Solve equations:
M(x™)Kdx(x™")}={Rm}
v
Update dependent variables
{Xm+l}={xm} + (D* {dX"‘"'}

v

Calculate boundary fluxes:
{gm}=([Mm{X™} + {bm})/dt

TIME STEPPING LOOP
PICARD ITERATION LOOP

!

P < 10000 m,
T<150C,
C< 10()} mol/kg

Reset conditions {x} = {x’}, NO
reduce time step dt=dt*0.75

A

Reset conditions {x} = {x’}, NO
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‘ Tc=Twrite - Tsimulation Compute mass/energy
L balance information

+
NO Update dependent variables

« dt=dt’
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Write results
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Figure 7. Flowchart depicting (a) operational and (b) matrix sequencing for the VST2D model.
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Figure 7. Continued.



One preprocessor that can be used with theV ST2D program is afinite-element grid generator called GRID.
Upon reading an input file (with the extension .IN) called GRID, the preprocessor generates a mesh of linear
triangular (simplex) elements. The GRID file is created using a text editor and includes information about the
problem, such astitle, number of regionsin the solution domain, X, y coordinates of the boundary nodes for a
region, regional connectivity data, material properties, and other information about grid generation (appendix 2).
Anillustrated example can be found in the VARSAT2D documentation by Nieber, Friedel, and Munir (1994). The
output from this grid generator iswritten to afile called ELEMENT.IN for use with VST2D (see “ Data I nput
Files’).

Main Program and Related Subroutines

The main program, VST2D, is supported by 24 subroutines (with the extension .FOR). All data transfer
between the main program and subroutinesis performed using common blocks. The tasks performed by the main
routine and each of the subroutines are given below.

AB3: Computes element contribution associated with time derivative which is used in computing
capacitance terms.
AC3: Computes element contribution because of a convective solute boundary condition.

AMATRIX: Computes and adds elemental and capacitance to form global matrix [ M]. Computes transient
changesin vapor, and liquid contents, incorporates Dirichlet conditions, and modifies global
matrix accordingly. Delegates tasks to subroutines MDOF, COEF, SKC, AB3, AC3, KB3, GB3,
CB3, WATER, HEAT, and SOLUTE.

BOUNDARY: Assigns specified moisture/pressure head, temperature, solute concentration (Dirichlet condi-
tions) and point source/sink or distributed fluxes (Neumann conditions) to appropriate nodes.
Fills control arraysto track Dirichlet conditions.
BUDGET: Computes water, heat, and solute budgets.

BVECTOR: Assembles global right-hand-side vector { b} for system of equations where [A]{x} ={b}.
Includes summation of contributions from the application of Dirichlet conditions and functions
related to the water [kg m™], heat [cal m™Y], and solute [ mol kg™* m®] equations. Specific contri-
butions to the water equation arise because of Dirichlet and flux boundary conditons, Taylor
series expansion of capacitance, time discretization of liquid and vapor, and gravitational poten-
tial. Specific contributions to the heat equation arise because of Dirichlet and flux-boundary con-
ditons, Taylor series expansion of moisture capacitance, time discretization of liquid water, and
time discretization of solute concentration. Individual contributions to the solute equation arise
because of Dirichlet, flux and convective boundary conditons, and time discretization of solute
concentration.

COEF:. Computes a, b, and c, coefficients used in interpolation (basis) functions; for example,
N; = 1/2A (g; + bjx + ¢jy), and derivatives of interpolation functions.
DNSCR: Converts adensely stored matrix into a row oriented compactly sparse matrix (Saad, 1996).

FLUXES: Computes liquid fluxes at permeable boundary nodes for use in mass-balance cal culations.

GB3: Computes elemental contribution because of gravitational potential associated with the water

equation.

GB3T: Computeselemental contribution because of gravitational potential associated with the heat equa-
tion.

HEAT: Computes nodal and elemental thermal contributions (B, [cal kg mol™* m™ dY,
Bry [cal m2dY], Byy [cal mt °Ct ). Specific properties calcul ated mcludelatent heat of
vaporization [cal 1], specmc heat of liquid water and water vapor [cal gl °c, volumetric
heat capacity [cal cm™ C1], thermal conductivities [mcal cm™ °C! secl], global heat capacity
[ca m3°C 1, global heat of vaporization [cal m 3] Individual diffusivitiescalculated includethe
molecular diffusivity of water in air [m? 1], liquid water diffusivity [m? d1], thermal liquid
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10:

ILUT:
INITIAL:

KB3:

MDOF:
PECLET:

RESIDUAL:
RUNRC:

SKC:
SOLUTE:

VB3:

VELOCITY:

VOLUME:
VST:

WATER:

diffusivity [m? d1 °CY], thermal vapor diffusivity [m? d! °C™!], and average elemental thermal
diffusivity in x and y directions.

Reads element numbers, nodal coordinates, and hydraulic, thermal, and chemical properties. This
information then iswritten to VST.OUT for the user’sreview.

Preconditions global matrix [M] prior to solution by the iterative solver RUNRC (Saad, 1996).
Reads time information (number and maximum time steps, time function, maximum time incre-
ment, and output times) and initial values (moisture or pressure head, temperature, and solute
concentration). Computes initial pressure head if moisture, saturation, and conductivity are
specified. Delegates tasks to COEF and writes initial dependent field variables to INPUT.DAT
and OUTPUT.DAT.

Computes element contribution because of conductivity in water equation which is added to
conductance matrix associated with liquid water flow.

Computes degrees of freedom.

Computes Peclet and Courant numbers. Values are written to PECLET.DAT. Delegates tasksto
VB3.

Computes the vector of residual error: { R} ={b} - [M]{x}.

Solves system of equations using flexible direct version of quasi-general minimum residual
method. Delegatestasksto BISINIT, MGSRO, GIVENS, LUSOL, LUTSOL, DQGMR,AMUX,
and ATMUX (Saad, 1996).

Computes nodal and elemental saturation, conductivity, and capacitance.

Computes nodal and elemental solute contributions to global capacitance (BC% because

of osmatic gradient [m2 dl, Bey is specific moisture gradient [m mol kgtd?], and Ber
because of temperature gradient [m? mol kgt °C 1 dY]). Specific properties calculated

include the salt-sieving coefficient [dimensionless], solute dispersion coefficient in water

[m? d'Y], solute dispersion coefficient in soil [m? d™1], hydrodynamic dispersion coefficient

[m? Y, dispersion-diffusion coefficient [m? s'1], dispersion coefficient of solute because of
salt sieving [m? mol kgt s, dispersion coefficient of solute because of salt sieving, [mol kg™,
diffusion coefficient in soil solution because of temperature gradients [m? mol kgt k1 s1],
diffusion coefficient of solute because of temperature gradients [m? mol kg™t k1 d1],
dispersion coefficients [m? d™Y], diffusion-dispersion coefficient [m? d™], bulk density of soil
[Mg m™3], density of liquid phase [kg m™3], radius of pore assuming capillary bundle theory;
tortuosity [dimensionless] and wetted thickness [angstroms]. This subroutine also del egates the
calculation of pore water velocity [m d'l] and specific discharge (apparent velocity) [m d'l] to
VB3.

Computes specific discharge and pore water velocity components along principal directions.
Computes derivatives of interpolation functions and individual liquid flux contributions because
of isothermal, thermal, and osmotic gradients. Delegates computational tasksto SKC, COEF,
WATER.

Computes apparent ground-water discharge, velocity, and angle. Delegates tasksto VB3 for
calculating specific discharge and pore water velocity componentsin principal directions.
Computesinitial moisture volume initial solute massinitial heat storage through this subroutine.
Thisisthe main program. Tasks are delegated to the subroutines (BOUNDARY, INITIAL,
AMATRIX, BVECTOR, RESIDUAL, DNSCRS, ILUT, RUNRC, FLUXES, VOLUME,
VELOCITY, PECLET), whereas simulation time, output time, and time step is advanced.

This program subroutine also checks for convergence and mass balance error. The screen
output for specified time originates from this subroutine.

Computes nodal and elemental contributions to the conductance matrix (Byy, [kg m2 dy,

Byt [kg m™ d™ °CY and By, [ kg? mol™ m™ d]). Specific properties calculated include
again factor used to compensate for underestimation of temperature-induced changes when only
surface tension is considered (function of water and clay content; exceeds 1), interfacial tension
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of water on air [mN m™Y], relative humidity as a function of osmotic potential [percent], relative
humidity as a function of matric potential [percent], total relative humidity [percent], saturated
density [kg m™3], dps/dT [kg m™ °C"1], pore radius assuming capillary bundle theory [m],
hydrated radius of solute and water [nm], bulk density of soil [Mg m'3], saturated water vapor
density [k m‘3], and liquid density [kg m'3]. Specific diffusivitiesinclude the thermal diffusivity
matrix [m® d't °C™Y], pressure diffusivity matrix [m d™1], molecular diffusivity of water vapor in

air [m? s

, liquid water diffusivity because of solute concentration [m? kg mol ™t 1],

moisture vapor diffusivity (D) [m? d}], isothermal vapor diffusivity [m? d}], thermal
liquid diffusivity [m? d™1 °C™], thermal vapor diffusivity [m? d'1 °C™], and thermal
diffusivity [m? dt -CY.

WRITE: Writes generalized results to 10 scratch files (with the extension .OUT): BUDGET, DIFFC,
DIFFPT, DISP, LFLUX, PECLET, NODES, NODES1D, NODES2D, VST, VELOCITY. A
complete description of the information written to each of these files can be found in the
section Data Output Files.

Data Input Files

The data needed to execute VST2D areread in “free” format from four files (each has the extension *.IN):
ELEMENT, PROPERTY, BOUNDARY, INITIAL; therefore, all input can be separated by a comma, space,
or blank line. Whereas using the accompanying finite-element grid generator called GRID.EXE to create the
ELEMENT and PROPERTY files (see appendix 2), the BOUNDARY and INITIAL files should be created
using atext editor. An example of typical input for each of these filesis given below.

ELEMENT:
Parameter

1. TITLE

2. IVERT

3. NUMELM

4. NUMNOD

5. NODNUM(1,J)

6. X(1),Y ()

7. E, PROP(1,J)

Definition
Problem title (up to 80 alphanumeric characters).
Section type flag: 0 = horizontal, 1 = vertical.
Number of elements.
Number of nodes.
Node numbers (read as triplet for each element).
Cartesian coordinates (read in X,Y pairs) [m].
Element number, Material properties (19 properties are read for each element
from PROPERTY.IN).

PROPERTY: One set of 20 propertiesis read in for each element.

Parameter
1. KXS
2.KYS
3.CA
4. CN
5TR
6.TS
7.CPS
8. DELT

9. LAMBDASs
10. XO
11. SSA
12. RHOB

Definition
Saturated conductivity x-direction [m d™1].
Saturated conductivity y- (or z-) direction [m d-Y.
van Genuchten alpha parameter [m™1].
van Genuchten N parameter [dimensionless).
Residual moisture content [dimensionless].
Saturated moisture content [dimensionless)].
Volumetric heat capacity of solid [cal cm™ °CY.
Angle between local element principal directions and global cartesian

coordinates (degrees).

Thermal conductivity of silt [mcal cm™ °C1sY).
Fractional organic carbon content [dimensionless].
Specific surface area[m? kg™Y.
Bulk density [Mg m™].

Model Documentation

67



13. AL

14. AT
15.KD

16. DECAY
17. Xsnd
18. Xdlt

19. Xcly
20. PMC

BOUNDARY:
Parameter
1. NSPN
2. JXPSI(J)
3.NLFN

4. JFLUXPM(J)

5.NSTN

6. JTEMPC(J)

7.NHFN

8. JFLUXPT(J)

9. NSCN
10. J,CS()
11. ISFLAG
12. NSFN

13. JFLUXPC(J)

14. J.CINQ)

15. IFLOW(I),NS(1,1),N(1,2)

16. NSMF

17. JFLUXDM(J)

18. NSHF

19. JFLUXDT(J)

20. NSCF

21. JFLUXDC(J)

INITIAL:
Parameter
1. MAXTS
2. MAXIT
3.TOL1
4, TOL2
5.TOL3
6. REFT

7. FLAGDV

8. RS

Longitudinal dispersivity [m].
Transverse dispersivity [m].

Distribution coefficient [m3 kg™].

Decay constant [d™}].

Fractional sand [dimensionless].
Fractional silt [dimensionless].

Fractional clay [dimensionless].

Porous medium compressibility [m? N1.

Definition

Number of specified pressure head (or moisture content) nodes.
Node number, Specified pressure [m] (or moisture content).
Number of specified moisture flux nodes; for example.
Node number, Specified moisture flux [m® d"%] (point source/sink).
Number of specified temperature nodes.
Node number, Specified temperature [°C].
Number of specified heat flux nodes.
Node number, Specified heat flux [cal m™3](point source/sink).
Number of specified solute concentration nodes.
Node number, Specified solute concentration [mol kg™.
Flux (ISFLAG=0), Convective boundary condition (ISFLAG=1).
Number of specified solute flux nodes.
Node number, Specified solute point source/sink [ 1] , Or
Node number, Specified background solute concentration [mol kg™].
Permeable boundary node, Boundary node end points.
Number of distributed moisture flux nodes; for example NSMF = 0.
Node number, Distributed moisture flux [m3 dl]. Note: if a-99 is entered, then

the unit hydraulic boundary condition is activated.
Number of distributed heat flux nodes.
Node number, Distributed heat flux [cal m™3].
Number of distributed solute flux nodes.
Node number, distributed concentration flux [mol kg™l].

Definition
Maximum number of time steps.
Maximum number of Picard iterations.
Tolerance criteriafor pressure head [m].
Tolerance criteriafor temperature [°C].
Tolerance criteriafor concentration [mol kg™].
Temperature used to calculate reference values of density, surface tension,
viscosity, and latent heat of vaporization [°C].

Flag indicating type of fluid density, surface tension, and viscosity calculations:
1 = constant, 2= temperature dependent, and 3= temperature and concentration
dependent.

Hydrated radius of solute molecule [nm].
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9. GF

10. TF
11. FDTL2

12. FDCL2

13. SCALE

14. OMEGA
15. OMEGADT

16. NUMSTEP(ICOUNT)
17. DT(ICOUNT)

18.-1

19.-1

20. TIME(ICOUNT),

21. TFUNC(ICOUNT)
22. TIME(ICOUNT),

23. TFUNC(ICOUNT)
24. -1

25.-1

26. DTMAXX

27. NTHOUT

28. IFLAG

29. XINIT

30. IFLAGT

31. DEGREESC
32. IFLAGC
33.S0LC

34. ICOUNT
35. TIM (ICOUNT)

36. ICOUNT

37. NODEOUT(I) = NOD

Gain factor used to multiply temperature coefficient in D . Compensates
for underestimation of temperature-induced changes in matric potential
(1<GF< 5).

Tortuosity factor (scalestoruosity).

Factor multiplying changein osmotic potential with respect to temperaturein Dy
for example, FDTL2 = 1for new theory (Nassar, 1992) or FDTL2 =0toremove
liquid water flux because of a concentration gradient (de Vries, 1958).

Factor multiplying change in osmotic potential with respect to concentration in
D¢ : for example, FDCL2 = 1 if new theory (Nassar, 1992), FDCL2 =0 to
remove liquid water flux due to concentration gradient (De Vries, 1958).

Scalestime step usedin alternate Picard iteration set. For example, if convergence
is not achieved, time step is decreased by SCALE and Picard procedure
restarted [d].

Relaxation factor (0KOMEGA< 1). Determined by trial-and-error.

Time increment multiplier [d].

Number of time steps.

Time-step increment [d].

End-flag for number of time steps.

End-flag for time step increment.

Beginning time [d].

Beginning time function [dimensionless].

Ending time[d].

Ending time function (linear interpolation) [dimensionless].

End-flag for ending time.

End-flag for ending time function.

Maximum allowable time increment [d].

Writeresults every Nthtime step; If NTHOUT = 0 then results are written at user
specified times.

Indicatesinitia uniform pressurefield (IFLAG =0) , or uniform moisture content
field (IFLAG = 1), or read nodal pressure pairs (IFLAG = 2), or read nodal
moisture pairs (IFLAG = 3).

Uniform moisture value [cm?3 cm'3] ; or uniform pressure value [m]; or node #,
pressure head [m] pairs; or node #, moisture [cm® cm®] pairs.

Total pairs= NUMNOD.

Indicatesinitial uniform temperature field (IFLAGT = 0) or read nodal tempera-
ture pairs (IFLAGT =1).

Uniform temperature value [°C]; or node #, temperature [°C] pairs.

Total pairs= NUMNOD.

Indicatesinitial uniform concentration field (IFLAGC = 0) , or read nodal
concentration pairs (IFLAGC = 1).

Uniform concentration value [mol kg Y]; or node #, concentration [mol kg™]
pairs. Total pairs = NUMNOD.

Number time steps for which data will be written.
Output time(s) [d] at which data will be written.
Number of nodes for which datawill be written.
Node number(s) for which results are written.
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Data Output Files

70

Output from the main program is stored in 11 scratch files (with the extension .OUT): BUDGET, DIFFC,
DIFFPT, DISP, LFLUX, PECLET, NODES, NODES1D, NODES2D, VST, VELOCITY. Because al data are
written to filesin column fashion, the files can be used with many commercial graphing and/or contour packages.
The various parameters and dependent variabl es associated with each scratch file are described below. The actual
argument or parameter used in the VST2D model is presented in upper case and between parentheses.

BUDGET:

DIFFC:

DIFFPT:

DISP:

LFLUX:

PECLET:

NODES:

NODESID:

Thisfile contains incremental and cumul ative water, solute, and heat balance information.
Specific incremental information iswritten out for each time increment (DT) and includes the
volume (VOLM, VOLH, VOLC), total flux in (QMIN, QHIN, QCIN), total flux out (QMOUT,
QHOUT, QCOUT), net flux change (dQm,dQh,dQc), storage change (dSmn,dSh,d<c), and
residual error (VOLERRmM, VOLERRh, VOLERRC). Cumulative information is written out

for total time (T) and includes the volume (cVOLM, cVOLH, cVOLM), tota flux in (cCQMIN,
CcQHIN, cQCIN), total flux out (cQMOUT, cQHOUT, cQCOUT), cumulative net flux change
(cdQm, cdQh, cdQc), cumulative storage change (cdSm, cdSh, cdSc), absolute change
(cVOLERRmM, cVOLERRN, cVOLERRC), and cumulative residual error (rVOLERRm,
rVOLERRh, rVOLERRC).

Thisfile contains the node number (NODE), Cartesian coordinate (X, Y), molecular diffusivity
of water vapor in air (D), isotherma moisture diffusivity (Dm), diffusion coefficient of solute
because of temperature gradients (D), diffusion coefficient of solute because of salt sieving
multiplied by moisture capacity in x- and y-directions (Dxsiev C, Dysiev C), and moisture
capacity (C).

Thisfile contains the node (NODE), Cartesian coordinates (X, Y), isothermal liquid diffusivity in
the x-direction (Dml-x), isothermal liquid diffusivity in they-direction (Dml-y), isothermal vapor
diffusivity (Dmv), thermal liquid diffusivity in the x- and y-directions (Dtl-x, Dtl-y), thermal
vapor diffusivity (D), liquid water diffusivity because of solute concentration in x-direction
(Dcl-x), ligquid water diffusivity because of solute concentration in the y-direction (Dcl-y), vapor
diffusivity because of solute concentration (D), moisture capacity (C), and osmotic coefficient
(OEC).

Thisfile contains the time step (T9), iteration (IT), element (E), and mechanical dispersion
coefficients in the xx, yy, and xy directions (Dhxx, Dhyy, Dhxy).

Thisfile contains the e ement number (ELEM), liquid flux because of thermal gradient in the

x- and y-directions (QTLXE, QTLYE), liquid isothermal flux in x- and y-directions (QMLXE,
QMLYE), and liquid flux because of solute gradient in the x- and y-directions (QCLXE, QCLYE).
Thisfile contains the time step (TS), iteration (IT), element (E), Peclet number in the x-and
y-directions (Pe-x, Pe-y), maximum Courant number in the x- and y-directions (Cr-x, Cr-y),
dispersion coefficient in the x-direction (Dxx), dispersion coefficient in the y-direction (Dyy),
average element velocity in the x-direction (VXE), and average element velocity in y-direction
(VYE).

Thisfile containsthe global control array that tracks Dirichlet conditions (1SFV2), global control
array that tracks modified Dirichlet conditions (1SFV3), and local control arrays that indicate
specified pressure head (I1SP), temperature (1ST), and concentration (1SC).

Thisfile contains two blocks of datawritten for selected nodes along a one-dimensional profile.
Thefirst block includes node number (NODE), pressure head (PRES), temperature (TEMP),
solute concentration (CONC), moisture (MOIST), liquid saturation (SAT-liquid), vapor saturation
(SAT-vapor), and hydraulic conductivity in x-direction (K,), and hydraulic conductivity in the
y-direction (Ky). The second block includes node number (NODE), Cartesian coordinate in
x-direction (X), Cartesian coordinate in the y-direction (Y), isothermal liquid diffusivity in the
x- and y-directions (Dml-x, Dml-y), isothermal vapor diffusivity (Dnmv), thermal liquid diffusivity
in the x- and y-directions (Dtl-x, Dtl-y), thermal vapor diffusivity (D), liquid water diffusivity
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because of solute concentration in the x- and y-directions (Dcl-x, Dcl-y), vapor diffusivity
because of solute concentration (D¢,/), moisture capacity (C), and osmotic coefficient (OEC).

NODES2D: Thisfile contains ablock of datafor al nodes (2-dimensions) at a given time step. For example,
number (NODE), pressure head (PRES), temperature (TEMP), solute concentration (CONC),
moisture (MOIST), and saturation (SAT).

VST: Thisfilecontainsechoed input from ELEMENT, BOUNDARY, INITIAL, and PROPERTY. The
filea so includes output time, iteration number when the sol ution converged, and associated mass
and energy budgets.

VELOCITY: Thisfile containselement number (ELEM), porewater velocity in the x-direction (V,), pore water
velocity in the y-direction (Vy), specific discharge in the x-direction (Q,), specific discharge in
the y-direction (Qy), apparent velocity (V), and angle (ANGLE).

MODEL VERIFICATION

To ensure that the governing equations and finite-element model formulations are derived and implemented
correctly, the accuracy of VST2D calculations are verified in two parts. First, the transient response of individual
dependent variables (pressure head, temperature or concentration) are compared to numerical solutions by decou-
pling the governing equations through application of appropriate boundary conditions. In thisreport, VST2D is
checked against numerical solutionsfor water (Nieber and others, 1994), heat (Blomberg and Claessen, 1998), and
solute (van Genuchten and Alves, 1982) transport under simplified, unsaturated, conditions. Second, the simulta-
neous, one-dimensional, steady-state, interaction of water-heat-soluteis verified against |aboratory observations of
aclosed-system as described by Nassar and Horton (1989). A comparison in thisway is appropriate because of the
unavailability of recently devel oped steady-state model sinvolving water-heat-sol ute transport (Nassar and Horton,
1992; Noborio and others, 1996).

The following sections describe numerical experiments involving the simulation of water or solute, and
water-heat-sol ute transport through homogeneous Ida silt loam (Nassar and Horton, 1989), and heat transport
through heterogeneous crystalline rock. Important model propertiesinclude bulk density, dispersivities (longitudi-
nal and transverse), fractional soil constituents (sand, silt, clay, and organic carbon), moisture retention, saturated
hydraulic conductivity, and specific surface area. A summary of properties for the soil and rock are provided in
tables 2 and 3, respectively. Many of these properties were determined previously using laboratory methods,
however, those properties with an asterisk indicate assumed literature or fitted values. For example, the three
parameters (a, n, and m = 1/1-n) used to describe a moisture retention function were determined by fitting a
curve to the observed moisture-pressure head measurements for Ida silt loam (Nassar and Horton, 1989) using
the RETC computer program (van Genuchten, 1980). These observations and fitted curve are presented in figure 3.

The numerical calculationsusingV ST2D arefor atwo-dimensiona domain, however, the applied boundary
conditions result in one-dimensional transport. As such, the results are written to files for nodes specified along the
center-axis of each finite-element mesh. In this way, transport profiles simulated using V ST2D can be compared
with the other one-dimensional numerical and analytic solutions.

Case 1: Water Transport Under Nonisobaric, Isothermal, Isohaline Conditions

In thisfirst case, the accumulation of water is ssimulated as it migratesinto a vertical and closed column
(sides and bottom) of moist, homogeneous and isotropic Ida silt loam. The conditions involve continuous
surface ponding with constant 20 °C temperature (isothermal) and 0.00 mol kg 1solute concentration (isohaline)
throughout the soil. A summary of theinput properties and conditions are provided in tables 2 and 4, respectively.
The finite-element mesh used during this simulation is shown in figure 8, and the input datafilesis provided
in appendix 3. Surface boundaries are numbered from 1 to 4 beginning at x equal to zero (far left) and moving
counterclockwise.
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Table 2. Summary of properties used in the VST2D model validation process involving Ida silt loam

[Mg m3, million grams per cubic meter; m, meter; mg kg, milligram per kilogram; cm3/cmd, cubic centimeter
per cubic centimeter; m d'1, meter per day; m? kg™, meter squared per kilogram; cal cm3, calorie per cubic

centimeter; °C, degrees Celsius; * estimated or assumed value]

Physical Property

Magnitude

NP RRERRRRR R
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. Angle between local principal directions and global Cartesian coordinates, o
. Bulk density, py,

Decay constant, A*

. Dispersivity-longitudinal, o *

Dispersivity-transverse, ot*

. Distribution coefficient, K4*
. Fractiona organic carbon, X *
. Fractiona sand, Xg,g*
. Fractiond silt, Xg¢*

. Fractional clay, Xgy*
. Moisture retention property, o*

. Moisture retention property, n*

. Moisture content-saturated (porosity), 65

. Moisture content-residual, 6,*

. Porous media compressibility, w

. Saturated hydraulic conductivity, x-direction, Ky
. Saturated hydraulic conductivity, y-direction, Ky,
. Specific surface area, S,
. Thermal conductivity of silt, Ag

. Volumetric heat capacity of solids, Cys

0.0 degrees

1.09 Mg m3
0.0d?

0.007 m

0.001 m

0.0L kg?

0.0002 cm3/cm?
0.1 cm3/cm®

0.686 cmélcm?®
0.214 cm¥lem?
0.5857 mt

1.546

0.67 cm3cm?

0.05 cm3/cm?
1.01x 108 m? N1
0229 md?

0229 md?

1.01 x 10° m? kgt
10meca cmlectlsl
0.48 cal cm3°c?t

Table 3. Summary of properties used in the VST2D model validation process involving crystalline rock

[Mg m3, million grams per cubic meter; m, meter; mg kg, milligram per kilogram,; cm3/cm?3, cubic centimeter per cubic
centimeter; m d'%, meter per day; m? kg %, meter squared per kilogram; cal cm3, calorie per cubic centimeter; °C, degrees
Celsius; * estimated or assumed value]

Physical Property

Magnitude

No gL DNRE

8a.
9a.
10a
8b.
9b.
10b.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

Angle between local principa directions and global Cartesian coordinates, &

Bulk density, p,
Decay constant, A*

Dispersivity-longitudinal, a *

Dispersivity-transverse, at*
Distribution coefficient, K4*

Fractional organic carbon, X,*
Fractional sand (unit 1), Xgng*

Fractional silt (unit 1), Xg¢*

Fractional clay (unit 1), Xgy*
Fractional sand (unit 2), Xg\g*

Fractional silt (unit 2), Xq¢*
Fractional clay (unit 2), Xgy*

Moisture retention property, a*

Moisture retention property, n*

Moisture content-saturated (porosity), 65
Moisture content-residual, 6,*

Porous media compressibility, w

Saturated hydraulic conductivity, x-direction, Ky
Saturated hydraulic conductivity, y-direction, K,

Specific surface area, S,

Thermal conductivity of silt, Ag
Volumetric heat capacity of soil solids, Cps*

0.0 degrees

1.07 Mgm™3
0.0d?

0.0m

0.0m

0.0L kg1

0.0 cm3/cm®
0.995 cm®/cm?
0.005 cm®/cm?

0.0 cm3/cm®
0.005 cm®/cm?
0.095 cm®/cm?

0.0 cm®/cm®
0.5857 mt

1.546

0.095 cm®/cm?
0.09 cm3cm3
1.01x 108 m? Nt
0.229 md?

0.229 md?

1.01 x 10° m2 kgt
10 meca cmlectlsl
0.48 cal cm3°C1
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Table 4. Summary of conditions used in the VST2D validation process for water transport
[cm®3/cm®, cubic centimeter per cubic centimeter; m d'%, meter per day; °C, degrees Celsius; mol kg2,
mole per kilogram; I, surface boundary]
Initial conditions:  B(x,y,0), initial moisture content at all nodes; T(x,y,0), initial temperature
at al nodes; C(x,y,0), initia concentration at all nodes
Dirichlet conditions:  6(x,1.40,t), moisture content on I 4; T(x,y,t), temperature at all nodes;
C(x,y;t), concentration at al nodes
Neumann conditions:  gg(0.00,y,t), liquid flux on T 4; gg(0.08,y;t), liquid flux on3;
0p(x,0.00,t), liquid flux on T 5.

Initial conditions Dirichlet conditions Neumann conditions
8(x,y,0) = 0.15 cm/cm?® 8(x,1.4,.t) = 0.67 0p(0.00,y,t) =0.0md*
T(x,y,0) =20.0 °C T(xyt) =20.0 °C 0p(0.08,y,t) =0.0m al
C(x,y,0) = 0.00 mol kg-1 C(x,y.t) = 0.00 mol kgt 0g(x,0.00,t) =0.0md?

The results of this simulation are verified to a numerical solution obtained with the computer program
VARSAT2D (Nieber and others, 1994). For this case, the simulated pressure head profiles for vertical flow range
from 0.1to 2.0 days (fig. 9). Excellent visual agreement isindicated between both numerical models. Differences
between both methods were less than 0.1 percent with maximum V ST2D mass-balance errors for time step and
total time on the order of 108 and 10”7, respectively.

The corresponding VST2D moisture and saturation profiles are shown in figures 10a-10b. As expected, the
profilesin these figuresindicate water percolatesinto the soil column in response to the pressure and gravitational
potentials. Upon reaching the column bottom, the moi sture front saturatesthe soil and beginsaccumulatingintime.

Case 2: Heat Transport Under Isobaric, Nonisothermal, Isohaline Conditions

In the second case, time dependent heat transport is simulated as it migrates into a heterogeneous, isotropic,
crystalline rock block. With moisture content set to residual and no applied water pressure, latent heat by vapor or
sensible heat by moving vapor and liquid is not transferred. Under these conditions, theV ST2D simulated transfer
of heat, which is by molecular conduction, can be compared to the results from the program HEAT2 (Blomberg
and Claessen, 1998). The input properties and applied conditions describing this case are given in tables 3 and 5,
respectively. The finite-element mesh used is shown in figure 11 and the input datafiles are provided in appendix 4.

The simulated time-dependent temperature profiles derived using VST2D (isobaric, isohaline) and HEAT2
models are shown in figure 12. These numerical models appear in agreement (after 1.44 minutes and 144 minutes)
with a characteristic break in temperature slope at the point where thermal properties change. The VST2D mass
relative balance error was on the order of 10" but not available for the HEAT2 model.

Case 3: Solute Transport Under Isobaric, Isothermal, Nonisohaline Conditions

Inthisthird case, the accumulation of soluteissimulated asit is transported into avertical column of homo-
geneous and isotropic Idasilt loam. By applying a constant pressure head and temperature at both ends of the soil
column, the moisture content (and therefore velocity, 0.019 m d™1) and hydrodynamic dispersion (0.00919 m? d%)
are constant throughout the domain. Also, the constant-moisture profile with no sorption or decay (distribution
coefficient and decay constant equal to zero) results in a conventional retardation factor equal to one. Assuming
that a uniform and external solute source is present, transport into the column occurs across the upper boundary
due solely to the gravitational potential gradient. At the outlet end, the transient build-up of solute is governed by
the permissible solute flux across that boundary. The implementation of these conditions together with convective
solute boundary conditionsinV ST 2D permits verification with a one-dimensional, steady-state anal ytical solution
using ALVE2 (van Genuchten and Alves, 1982). A summary of the input properties and conditionsis provided in
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Table 5. Summary of conditions used in the VST2D validation process for heat transport

[cm®/cm®, cubic centimeter per cubic centimeter; m d'%, meter per day; °C, degrees Celsius; mol kg2,
mole per kilogram; I, surface boundary]

Initial conditions:  Y(x,y,0), initial moisture content at all nodes; T(x,y,0), initial temperature
at al nodes; C(x,y,0), initial concentration at all nodes

Dirichlet conditions:  y(x,yt), pressure head at al nodes; T(0.00,y;t), temperatureon T y;
T(0.08,y,t), temperature on I 3; C(x,y,t), concentration at all nodes

Neumann conditions:  gy(x,0.00,t), heat flux on I 1; g7(x,0.08,t), heat flux on I3

Initial conditions Dirichlet conditions Neumann conditions
P(xy,0) =-10.0m P(xyt) =-100m 0r(x,0.00,t) = 0.0 cal d'*
T(x,y,0) =10.0 °C T(0.00,yt) =1.0 °C g(x,0.08,t) = 0.0 cal dl
C(x,,0) = 0.00 mol kgt T(0.08,y;t) =20.0 °C

C(x,y,t) = 0.00 mol kg

tables 2 and 6, respectively. The finite-element mesh used in this simulation is shown in figure 14. The input data
files are provided in appendix 5.

In performing these simulations, the Peclet and Courant numbers of 1.57 and 0.0046 calculated in
VST2D gave a maximum allowable element size and time step of 0.3 m and 0.218 day, respectively. The
resulting time-dependent solute concentration profilesfor 1, 5, 10, 15, and 25 days are shown in figure 13.
The solute is determined to move into the domain along arelatively sharp concentration front and in time
saturates the column (fig. 13). Despite the relatively good mass balance error of 10 and 103 for water and
solute, respectively, the VST2D curve tends to under and over simulate the analytical solution at the leading
and trailing edges of the respective concentration front.

Case 4: Coupled Water-Heat-Solute Transport Under Nonisobaric, Nonisothermal, Nonisohaline Conditions

In the final verification case, experimental observations of interactive heat and mass transport are used to
test and verify the capability of VST2D to simulate a coupled ground-water system. The laboratory observations
used here were recorded during an experiment performed with temperature applied to a horizontal column under
closed-system conditions (Nassar and Horton, 1989). Soil moisture, temperature and solute concentration profiles
simulated for this closed horizontal column are computed and compared with profiles observed after attaining
steady-state (31-day period). The respective finite-element mesh and boundary conditions used are presented in
figure 15 and table 7. The input datafiles are provided in appendix 6.

In ssimulating coupled energy and mass transport in a horizontal closed-column subject to heat at each end,
asimple trial-and-error calibration was conducted to fit the longitudinal dispersivity (a, ) and thermal diffusivity
gain factor (Gyr). Assuming an initial longitudinal dispersivity equal to 10 percent of the total domain length
(0.014 m), the gain factor was increased from zero until the cal culated average moisture and solute concentrations
matched the steady state conditions (the net mass flux equal to zero). Next, the longitudinal dispersivity was
decreased until the solute profile matched the observed results.

General agreement is apparent between the dependent variables (moisture, temperature, and concentration)
measured in the laboratory and those variables cal culated simultaneously using VST2D (figs. 16a-c). The best
correspondence is between the simulated and observed solute profiles. The mismatch between the modeled linear
and observed nonlinear temperature profiles suggests the likely increased effect of sensible heat transfer by liquid
movement in the laboratory. Other possible reasons for discrepencies between the modeled and |aboratory results
may be due to the use of numerous estimated and assumed values as input to the model (seetable 2). Also shown
are calculated results based on the Philip and de Vries (1957) theory, which neglects water fluxes due to solute
gradients. These results underscore the importance of accounting for effects of solute on water movement in moist,
sdlinized soil.
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SUMMARY

The occurrence of temperature, pressure head, and chemical concentration gradients in geologic materials
can cause the simultaneous transport of heat, water, and solute. The computer model called VST2D was designed
to simulate coupled water-heat-sol ute transport in heterogeneous, anisotropic, two-dimensional, ground-water
systems with variable fluid density. This report documents the theoretical development of governing equations,
parametric relations, finite-element formulation, solution procedure, initial and boundary conditions, and
mass/energy balance considerations incorporated into VST2D, and it provides a user's document for
implementation of the model. The advantages and limitations of model implementation also are discussed
together with the model’s validation.

The coupling of governing equations for water, heat, and solute transport, allows the VST2D model to
solve simultaneously for one or more dependent variables (pressure, temperature, and concentration) at nodes
in a harizontal or vertical mesh using a quasi-linearized general minimum residual method. Heterogeneous
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Table 6. Summary of conditions used in the VST2D model validation process for solute transport

[m, meter; m d'1, meter per day; °C, Celsius; cal d'L, calorie per day; mol kgL, mole per kilogram; mol kgt d2,

mole per kilogram day; I', surface boundary]

Initial conditions:  Y(x,y,0), initial pressure head at al nodes; T(x,y,0), initial temperature at all nodes;
C(x,y,0), initial concentration at al nodes

Dirichlet conditions:  )(x,0.00,t), pressure head on I";; Y(x,1.40,t), pressure head on I"5;
T(x,0.00,t), temperature on I 1; T(x,1.40,t), temperature on I";
C(-00,0.00,t), ambient concentration outside domain but along I ;
C(x,1.40,t), concentration on I »

Neumann conditions:  gg(0.00,y,t), liquid flux on I ;; gg(0.08,y,t), liquid flux onI3;
g1(0.00,y,t), heat flux on I" 1;07(0.08,y,t), heat flux on I'3;
0c(0.00,y,t), solute flux on T»; gc(0.08,y,t), solute flux on T 3;
0c(x,0.00,t), soluteflux on T4

Initial conditions Dirichlet conditions Neumann conditions
P(xy,0)=-05m P(x,0.00,t) =-0.5m 0p(0.00,y,t) =0.0m dl
P(xy,0) =-05m P(x,1.40,t) =-0.5m 05(0.08yt) =0.0mdt
T(x,y,0) = 20.0 °C T(x,0.00,t) = 20.0 °C 0or(0.00,y,t) = 0.0 cal d'*
C(x,y,0) = 0.00 mol kgt T(x,1.40,t) = 20.0 °C or(0.08y;t) =0.0cal dt

C(0,0.00,t) = 1.00 mol kgt 0c(0.00,y,t) = 0.0 mol kgt d'*
C(x,1.40,t) = 0.00 mol kgt 0c(0.08,y,t) = 0.0 mol kgt d*

0c(x,0.00,t) = 0.0 mol kgt d*

and anisotropic conditions are implemented locally using individual element property descriptions. Boundary
conditions can include time-varying pressure head (or moisture content), heat, and/or concentration; fluxes
distributed a ong domain boundaries and/or at internal node points; and/or convective moisture, heat, and
solute fluxes along the domain boundaries; and/or unit hydraulic gradient along domain boundaries. Other
model features include temperature and concentration dependent density (liquid and vapor) and viscosity,
sorption and/or decay of a solute, and capability to determine moisture content beyond residual to zero.
TheVST2D model was validated against analytic and numerical solutions for problems of water transport
under isohaline and isothermal conditions, heat transport under isobaric and isohaline conditions, and solute trans-
port under isobaric and isothermal conditions. The coupled water-heat-sol ute transport problem was compared
to measured laboratory results for which no known analytic solutions or numerical models are available. The test
results indicate the model is accurate and applicable for awide range of conditions, including when water (liquid
and vapor), heat (sensible and latent), and solute are coupled in ground-water systems. The cumulative residual
errors for the coupled problem tested was less than 1078 cubic centimeter per cubic centimeter, 10 moles per kilo-
gram, and 102 calories per cubic meter for liquid water content, solute concentration and heat content, respectively.
This model should be useful to hydrologists, engineers, and researchers interested in studying coupled processes
associated with variably saturated transport in ground-water systems.
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Table 7. Summary of conditions used in the VST2D validation process for coupled
water-heat-solute transport

[cm3/cm3, cubic centimeter per cubic centimeter; °C, Celsius, m d'1, meter per day; mol kg™, mol per kilogram;

cal d'%, calorie per day; mol kg

1 d-l

, mole per kilogram day; I', surface boundary]

Initial conditions:  B(x,y,0), initial moisture content at all nodes; T(x,y,0), initial temperature
at al nodes; C(x,y,0), initial concentration at all nodes

Dirichlet conditions:  T(x,0.00,t), temperature on I'5; T(x,0.14,t), temperature on I 4.

Neumann conditions:

0g(0.00,y,t), liquid flux on T ¢; gg(x,0.00,t), liquid flux on T 5;
0g(0.008,y;t), liquid flux on I 3; 0g(x,0.14,1), liquid flux on ' y;
gr(0.00,y,t), heat flux on I"y; gr(x,0.00,t), heat flux on I'5;
gr(0.008,y,t), heat flux on I'3; gr(x,0.14,y,t),heat flux on T 4;
0c(0.00,y,t), solute flux on I"y; gc(x,0.00,t), solute flux on IMy;
0c(0.0080,yt), solute flux on I"3; gc(x,0.14,t), soluteflux on 4

Initial conditions

Dirichlet conditions

Neumann conditions

8(x,y,0) = 0.144 cm3/cm?
T(x,y,0) =14.0°C

T(x,0.00,t) = 19.2 °C
T(x,0.14,t) =8.93°C

0o(0.00,y,) =0.0m d*
0p(0.008,y;t) =0.0mdt

0p(%,0.00,t) = 0.0 mdt
0g(x,0.14,t) =0.0 mdt
or(0.00,yt) =0.0 cal dt
07(0.008,y,t) = 0.0 cal d*
o(x,0.00,t) = 0.0 cal d'*
or(x,0.14,yt) =0.0 cal ot
0c(0.00,yt) = 0.0 mol kgt d'*
0c(0.008,y,t) = 0.0 mol kgt d?
0c(x,0.00,t) = 0.0 mol kgt dt
0c(x,0.14,t) = 0.0 mol kgt dt

C(xy,0) = 0.794 mol kg'*
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APPENDIX 1. ELEMENTAL MATRIX-VECTOR REPRESENTATION FOR WATER, HEAT, AND SOLUTE
EQUATIONS
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[Byyl® = [Kyd S+ Dyl +[Kygl® (211)
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r a €
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APPENDIX 2. INPUT/OUTPUT FOR FINITE-ELEMENT GRID GENERATOR (GRID).

The GRID.IN datafile described below is used as input to GRID.EXE for generating a grid of linear
triangular elements with element and node numbers. Information from GRID.EXE is written to threefiles:
ELEMENT.IN, PROPERTY.IN, and GRID.PLT. Thefirst two files are used as input to V ST.EXE, whereas the
latter can be used in conjunction with a graphics package (for example, VIEW.EXE of the SURFER package) to
view the finite-element grid, coordinate geometry, and node numbers.

GRID.IN

The information comprising thisfile is shown below with input in bold and computer code parametersin
parentheses. An explanation of additional information for each input item or group of itemsis provided in regular
type, and an exampleis shown in italic type. For this hypthetical example, a schematic depicting regions, node
numbers, unit types (sand and clay), and coordinate distances is provided in figure 16.

1. Title (TITLE): adpha-numeric string of up to 40 characters.
Sample grid with three subregions and two material property sets.

2. Number of regions, number of boundary node points (NP), number of material property sets(NMPSET).
3,18,2

3. X-coordinates for each boundary node (X); enter NP values of X.
0.,.51,152,2.,2.,151.,..0.0.0.,0.,.51.1..5

4. Y-coordinates for each boundary node (Y); enter NP valuesof .
0.0.,0,0,0.,51.,1.1.,5,51.15,2.,2.,2.,1.51.

5. Region number, regions of connectivity. Enter zeros for sides not connected to any region.
1,2,0,0,0
203,10
3,0,0,0,2

6. Read (NMPSET) set of 19 material properties(KXSKYS,CA,CN, TR, TS, CPS, DELT, LAMBDAS, X0,
SSA, RHOB, AL, AT, KD, DECAY, Xsnd, Xdt, Xcly - see Data I nput section)

0.255 0.255 0.5111 1.322 0.05 0.67 0.480 0.0000 0. 0.0002 1.011.04 0.0070 0.0010 000.00 O 0.1 0.686 0.214
0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 0. 0.0002 1.011.04 0.0070 0.0010 000.00 O 0.1 0.686 0.214

7. Region number, material property number for that region, number of rows needed for that region,
number of columns needed for that region, eight boundary nodesfor that region. Enter boundary nodesin a
counterclockwise order.

1,1,10,10,12,18,9,17,16,15,14,13

2,2,10,10,1,2,3,10,9,18,12,11

3,2,10,10,3,4,5,6,7,8,9,10
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ELEMENT.IN

In the samplefile provided below, four sets of information are written. First isthe problem title. Secondisa
flag indicating default vertical section (0), number of elements (486), and number of nodes (280). Third, a set of
three nodes are written (i, j, k) for each element beginning with element 1 and ending with 486. Fourth, the
Cartesian coordinates for each node are given beginning with 1 and ending with 280. Because of the large number
of element and nodal sets, only the first and last three lines are provided for the readers convenience.

Sample grid with 3 subregions and 2 sets of properties

0 486 280

278 276 279 278 279 280 276 273 277 276 277 279 273 269 274 ((NOD(1,9),J=1,3),I=1,NELEM)
273 274 277 269 264 270 269 270 274 264 258 265 264 265 270

258 251 259 258 259 265 251 243 252 251 252 259 243 234 244

22 2330 16 11 17 16 17 23 11 7 12 11 12 17

7 487 812425458213

2 35

2.000 0000 1.889 0000 2.000 0111 1.778 0.000 OX(1),Y(1),1=1,NNP)
1.889 0111 2000 0.222 1.667 0000 1778 0.111

1.880 0222 2000 0333 1556 0.000 1.667 0.111

0333 1889 0444 2000 0.000 1.667 0.111 1.778
0222 1889 0.333 2.000 0.000 1.778 0.111 1.889
0.222 2000 0.000 1.889 0.111 2.000 0.000 2.000

PROPERTY.IN

In the file below, the property information for each element iswritten beginning with element 1 and ending
with 486. Again, only anominal amount of information is provided for comparison.
1 0.2550 0.2550 0.5111 1.3220 0.0500 0.6700 0.4800 0.0000 0.0000 0.0002 1.0100 1.0400 0.0070
0.0010 0.0000 0.0000 0.1000 0.6860 0.21400.1e-7
... repeat elements 2 to 162
162 0.2550 0.2550 0.5111 1.3220 0.0500 0.6700 0.4800 0.0000 0.0000 0.0002 1.0100 1.0400
0.0070 0.0010 0.0000 0.0000 0.1000 0.6860 0.21400.1e-7
163 0.2290 0.2290 0.5857 1.5460 0.0500 0.6700 0.4800 0.0000 0.0000 0.0002 1.0100 1.0400
0.0070 0.0010 0.0000 0.0000 0.1000 0.6860 0.21400.1e-7
... repeat elements 164 to 485
486 0.2290 0.2290 0.5857 1.5460 0.0500 0.6700 0.4800 0.0000 0.0000 0.0002 1.0100 1.0400
0.0070 0.0010 0.0000 0.0000 0.1000 0.6860 0.21400.1e-7
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APPENDIX 3. MODEL INPUT FILES IN CASE 1 VALIDATION (WATER TRANSPORT)

ELEMENT.IN

Water transport through Ida Silt Loam in 1.4 m vertical column

1

48
43
42
34
33
36
24
27
26
18
17

8 59 8 913 53 6 56 911 7 12
11 12 16 7 4 8 7 8
213 2 35

0.000
0.156
0.311
0.311
0.311
0.311
0.933
0.933
0.933
0.933
0.933
1.089
1.400

0.080
0.060
0.060
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.000
0.000
0.020

72
46 49
44 47
38 43
35 39
29 34
37 4
20 25
28 32
22 27
19 23
13 18

50

48 49 50 46 43 47
39 35 40 39 40 44
42 43 46 38 34 39
42 41 42 45
33 34 38 29 25 30
32 28 33 32 33 37
29 31 27 32
24 23 24 28
31 22 18 23
15 14 15 19

41 37

24 25
23 19
26 27
14 10
17 18

PROPERTY.IN

O©C 0O ~NOOULDWNPE

NNNERRRRRRR R
NRPOOWOmMNOUDMWNRO

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.060
0.080
0.080
0.060
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.020
0.000

22 13 9

0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857

0.000 0.080
0.311 0.020
0.467 0.000
0.467 0.080
0.467 0.060
0.467 0.040
0.467 0.020
1.089 0.000
1.089 0.080
1.089 0.060
1.089 0.040
1.244 0.040
1.400

1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000

46
45
38
37
29
28
31
19
22
21

47
42
39
33
30
24
32
15
23
17

14 13 14

0.156
0.000
0.000
0.622
0.622
0.622
0.622
0.622
1.244
1.244
1.244
1.400

49
46
43
38
34
29
36
20
27
22

43
45
34
37
36
28
27
19
18
21

39
46
30
38
32
29
23
20
14
22

44
48
35
42
37
33
28
24
19
26

18 9 6 10
9 10 14 16 12 17 16 17 21 12 8 13 12 13 17

0.040
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.000
0.080
0.060
0.000

12 4 2 5 4 5 8

0.000
0.156
0.156
0.156
0.778
0.778
0.778
0.778
0.778
1.400
1.400
1.244

10
10
10
10
10
10
10
10
10
10

1.546 0.05 0.67 0.480 0.0000 10

1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000
1.546 0.05 0.67 0.480 0.0000

10
10
10
10
10
10
10
10
10

0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002

1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0

0.0002 1.01 1.07 0.1000 0.0100 0.0

0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002

1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0
1.01 1.07 0.1000 0.0100 0.0

1.546 0.05 0.67 0.480 0.000010 0.0002 1.01 1.07 0.1000 0.0100 0.0
1.546 0.05 0.67 0.480 0.000010 0.0002 1.01 1.07 0.1000 0.0100 0.0

coocooocoocoocoooococoocoococoocoo

0
0

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

0.2140.1e-7
0.2140.1e-7

0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7

0.686 0.2140.1e-7

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7

0.1 0.686 0.2140.1e-7
0.1 0.686 0.2140.1e-7
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23 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000

24 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
25 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
26 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
27 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
28 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
29 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
30 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
31 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
32 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
33 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
34 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
35 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
36 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
37 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
38 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
39 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
40 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
41 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
42 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
43 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
44  0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
45 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
46  0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
47 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
48 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
49 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
50 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
51 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
52 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
53 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
54 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
55 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
56 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
57 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
58 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
59 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
60 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
61 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
62 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
63 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
64 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
65 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
66 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
67 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
68 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
69 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
70 0.229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
71 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
72 0229 0.229 0.5857 1.546 0.05 0.67 0.480 0.0000 10 0.0002 1.01 1.07
! Node#, Kx, Ky, apha N Tr Ts CpsDELT LAMDAs Xo SSA RHOB AL
BOUNDARY.IN

5

40 067

44  0.67

47  0.67

49  0.67

50 0.67
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10 0.0002 1.01 1.07 0.1000 0.0100 0.0

0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0
0.1000 0.0100 0.0

AT
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KD DECAY

OO0 0000000000000 00000000000000000000000000000000OO0OO0O®°

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

Xsnd Xdt

0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
Xcly CMP
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20.00
20.00
20.00
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20.00
20.00
20.00
20.00
20
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20
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20
20
20
20
20
20
20
20
20
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17 20

13 20

9 20
2 20
18 20
14 20
27 20
23 20
19 20
32 20
28 20
24 20
37 20
33 20
29 20
42 20
38 20
34 20
46 20
43 20
39 20

0

0

50

40 0.00
44 0.00
47  0.00
49 0.00
50 0.00
1 0.00
2 000
4 0.00
7 0.00
11  0.00
6 O

21 0

26 0

31 O

36 0

41 0

45 0

48 0

3 0

6 O

10 O

15 0

20 0

25 0

30 O

35 0

12 0

8 0
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5
17
13
9
22
18
14
27
23
19
32
28
24
37
33
29
42
38
34
46
43
39
0
0
26
50,49,49
49,50,47
47,49,44
44,47,40
40,44,44
122
24,1
47,2
7,114
11,7,7
16,21,11
21,26,16
26,31,21
31,36,26
36,41,31
41,45,36
45,4841
48,50,45
35,30,45
30,25,35
25,20,30
20,15,25
15,10,20
10,6,15
6,3,10
3,16
2,50,49

cNecNeoleReReReReReRoReReReReReReReRe o Re T
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4,49,47
6,47,44
8,44,40
7,40,35
15,35,30
23,30,25
31,25,20
39,20,15
47,15,10
5,10,6
63,6,3
71,31
71,1,2
69,4,2
6,7,4
65,11,7
66,16,11
58,21,16
50,26,21
42,31,26
34,36,31
26,41,36
18,45,41
10,48,45
2,50,48

[eNeoNeNe]

INITIAL.IN

1
10000000 .01
-1 -1
00 10
10000000 1.0
-1 -1
5
1
1
1 015
50 0.15
-1 -1
1 20.00
50 20.00
-1 -1
1 0.00000
50 0.00000
-1 -1
14
0.01
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APPENDIX 4. MODEL INPUT FILE IN CASE 2 VALIDATION (HEAT TRANSPORT)

ELEMENT.IN

Heat conduction throughout heterogeneous rock block

0

28
25
17
11
14
13

40
26
26
12
12
10
14

29
28
18
17
15

28
22
17
23
14

30

29
18
18
19
15

13

30
23
22
24
20
19 9 6 10 9 10 14 12 8 13 12 13 18
8 59 8 9

26
22
16
23
18

23
23
11
24
13

27
26
17
27
19

26
21
16
19
18

27
17
17
14
19

29
22
21
20
23

25
21
11
19
13

22 26
22 25
7 12
20 24
9 14

5 36 56 97 438

7 812 4 2 5 45 8 213 2 35

0.080
0.060
0.060
0.040
0.010
0.000
0.000
0.010

0.000
0.020
0.040
0.040
0.020
0.020
0.040
0.080

PROPERTY.IN

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

O©oO~NOOULDWNPE

N
oM WNRO

=
~

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

WWNNNDNNNNNNDNDREE
POOWO~NOURAWNREOWOO®

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.060
0.080
0.080
0.060
0.020
0.010
0.010
0.000

0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857

0.000
0.040
0.060
0.060
0.040
0.040
0.060
0.080

0.080
0.020
0.010
0.080
0.040
0.020
0.020

0.020
0.000
0.000
0.080
0.060
0.060
0.080

0.040
0.040
0.020
0.000
0.060
0.040
0.000

0.000
0.020
0.020
0.000
0.080
0.080
0.060

1.546 0.09 0.095 0.480 0.0000 100.00000 1.01
1.546 0.09 0.095 0.480 23.8830 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 100.00000 1.01
1.546 0.09 0.095 0.480 23.8830 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000 10 0.00000 1.01
1.546 0.09 0.095 0.480 23.8830 10 0.00000 1.01
1.546 0.09 0.095 0.480 0.0000100.00000 1.01
1.546 0.09 0.095 0.480 0.0000 100.00000 1.01
1.546 0.09 0.095 0.480 0.0000 100.00000 1.01
1.546 0.09 0.095 0.480 23.8830 100.00000 1.01
1.546 0.09 0.095 0.480 0.0000 100.00000 1.01
1.546 0.09 0.095 0.480 0.0000 100.00000 1.01

1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000

100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01
100.00000 1.01

1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100

000.00
000.00
000.00
000.00

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

000.00

0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7
0.0 0.995 0.005 0.0000.1e-7

0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005

0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
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0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
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32
33

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
71 0.229
72 0.229
! Node#, KX,

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
Ky,

35
36
37
38
39

41

S&ERED

47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70

BOUNDARY.IN

30
16
21
25
28
30
29
27
24
20

-10.00
-10.00
-10.00
-10.00
-10.00
-10.00
-10.00
-10.00
-10.00
15 -10.00
10 -10

6 -10

3 -10
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0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857

dpha N

1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000

1.546 0.09 0.095 0.480 0.0000 10 0.00000
1.546 0.09 0.095 0.480 0.0000 10 0.00000
1.546 0.09 0.095 0.480 0.0000 10 0.00000
1.546 0.09 0.095 0.480 0.0000 10 0.00000

1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
1.546 0.09 0.095 0.480 0.0000
Tr

10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000

101
101
101
101
101
101
1.01
1.01
1.01
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101

10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
10 0.00000
100.00000 1.01
100.00000 1.01
100.00000 1.01

Ts Cps DELTLAMBDAsXo SSA RHOB AL

1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
1.07 0.0000 0.0100
AT

Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density

KD

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00

DECAY

0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005
0.0 0.005

0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995
0.995

Xsnd  Xdlt

0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.000 0.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
0.0000.1e-7
Xcly CMP
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18
13

26
23
19
14

10
15
10

16
21
25
28
30

29
27
24
20

11

30
16
21
25
28
30
29
27
24
20
15
10
6

-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10
-10

20.0
20.0
20.0
20.0
20.0
1.00
1.00
1.00
1.00
1.00

0.00
0.00
0.00
0.00
0.0
0.0
0.0
0.0

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0
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18
6,21,21
21,16,25
25,21,28
28,25,30
30,28,28
29,30,27
27,29,24
24,27,20
20,24,15
15,20,20
10,15,6
6,10,3
36,1
1,33
2,14
4,7,2
7,114
11,16,7
14,16,21
10,21,25
6,25,28
2,28,30
2,30,29
4,29,27
18,27,24
20,24,20
22,20,15
21,15,10
27,10,6
33,6,3
39,31
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39,1,2
37,4,2
35,7,4
15,117
13,11,16
0

0
0
0

INITIAL.IN

0.25

10

10

10

0.1

0.5

1
10000000 .0001
-1 -1
00 10
10000000 1.0
-1 -1

5

0

0

1 00
50 0.0
-1 -1

1 10.00
50 10.00
-1 -1

1 0.00000
50 0.00000
-1 -1
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0.0007
0.0024
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0.0056
0.0069

A

©oO~NUTRWNPE i,

Appendix 4. 109



10.
25
50

[e2Ne)]

13
18
22
25

110 Documentation and Verification of VST2D: A Model for Simulating Transient, Variably Saturated, Coupled Water-Heat-Solute Transport in
Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density



APPENDIX 5. MODEL INPUT FILE IN CASE 3 VALIDATION (SOLUTE TRANSPORT)

ELEMENT.IN

NASSAR Model-convective solute boundary condition

1

48
43
42
34
33
36
24
27
26
18
17

46
44
38
35
29
37
20
28
22
19
13

72
49
47
43
39
34
41
25
32
27
23
18

48
39
42
41
33
32
24
23
26
14
17

50
49
35
43
37
34
28
25
19
27
10
18

50
40
46
42
38
33
29
24
31
15
22

46
39
38
41
29
32
31
23
22
14

43
40
34
42
25
33
27
24
18
15

47
44
39
45
30
37
32
28
23
19

46
45
38
37
29
28
31
19
22
21

47
42
39
33
30
24
32
15
23
17

49
46
43
38
34
29
36
20
27
22

43
45
34
37
36
28
27
19
18
21

39
46
30
38
32
29
23
20
14
22

44
48
35
42
37
33
28
24
19
26

13 9 14 13 14 18 9 6 10

9 10 14 16 12 17 16 17 21 12 8 13 12 13 17
8 59 8 913 536 56 911 7 12
11 12 16 7 4 8 7 8 12 4 2 5 4 5 8
213 2 35

0.080
0.060
0.060
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.000
0.000
0.020

0.000
0.156
0.311
0.311
0.311
0.311
0.933
0.933
0.933
0.933
0.933
1.089
1.400

PROPERTY.IN

oO~NO O~ WNE

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
9 0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

0.060
0.080
0.080
0.060
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.020
0.000

0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857

0.000
0.311
0.467
0.467
0.467
0.467
0.467
1.089
1.089
1.089
1.089
1.244
1.400

0.080
0.020
0.000
0.080
0.060
0.040
0.020
0.000
0.080
0.060
0.040
0.040

1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480
1.546 0.05 0.67 0.480

0.156
0.000
0.000
0.622
0.622
0.622
0.622
0.622
1.244
1.244
1.244
1.400

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.040
0.040
0.020
0.000
0.080
0.060
0.040
0.020
0.000
0.080
0.060
0.000

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.000
0.156
0.156
0.156
0.778
0.778
0.778
0.778
0.778
1.400
1.400
1.244

1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
101
1.01
101
101
101
1.01
101
101

1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000
1.07 0.1000 0.00000

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00

CcoocoO000O0000O0O0O0O

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

Appendix 5.

0.214 0.1e-7
0.2140.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
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18 0.229 0.229
19 0.229 0.229
20 0229 0.229
21 0229 0.229
22 0229 0.229
23 0229 0.229
24 0229 0.229
25 0229 0.229
26 0229 0.229
27 0229 0.229
28 0.229 0.229
29 0229 0.229
30 0229 0.229
31 0229 0.229
32 0229 0.229
33 0.229 0.229
34 0229 0.229
35 0.229 0.229
36 0.229 0.229
37 0.229 0.229
38 0229 0.229
39 0.229 0.229
40 0.229 0.229
41  0.229 0.229
42 0.229 0.229
43 0.229 0.229
44  0.229 0.229
45 0.229 0.229
46  0.229 0.229
47  0.229 0.229
48 0.229 0.229
49 0.229 0.229
50 0.229 0.229
51 0.229 0.229
52 0.229 0.229
53 0.229 0.229
54 0229 0.229
55 0.229 0.229
56 0.229 0.229
57 0.229 0.229
58 0.229 0.229
59 0229 0.229
60 0.229 0.229
61 0229 0.229
62 0229 0.229
63 0229 0.229
64 0229 0.229
65 0.229 0.229
66 0.229 0.229
67 0229 0.229
68 0.229 0.229
69 0229 0.229
70 0229 0.229
71 0229 0.229
72 0229 0.229
! Node#, Kx, Ky,
BOUNDARY.IN
10

40 -500

112

0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
adpha N

1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546
1.546

0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67

0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480
0.480

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
101
1.01
101
101
101
101
101
101
101
101
101
101
101
1.01
101
101
101
101
101
101
101
1.01
101
101
101
101
101
101
101
101
101
101
101
1.01
101

Tr Ts Cps DELT LAMDAsXo SSA

1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07
1.07

RHOB AL

0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
0.1000 0.00000
AT

KD

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00

[eNeoNeoNoNeoNoNeooNoloNoNoNoNoNoNoNoNoNoNeoNeoeoNeoNeoNoNoNoNeoNoNoNoNoNoNoNoNeoNoNeoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNol

DECAY

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

Xsnd  Xdt

0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7
0.2140.1e-7

Xcly CMP
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35 20

12 20

8 20

5 20
17 20
13 20

9 20
2 20
18 20
14 20
271 20
23 20
19 20
32 20
28 20
24 20
37 20
33 20
29 20
42 20
38 20
34 20
46 20
43 20
39 20

0

0

0

5

40 1.00
44 100
47 1.00
49 1.00
50 1.00
21

1 0.00
2 0.00
4 0.00
7 0.00
11  0.00
16

21

26

31

36

41

D
o
0c0PCPPo0o0o0o0o0o0o0 O«

=
(63}
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20
25
30
35
26
50,49,49
49,50,47
47,4944
44,47 40
40,44,44
1,2,2
24,1
472
7114
11,7,7
16,21,11
21,26,16
26,31,21
31,36,26
36,41,31
41,45,36
45,48 41
48,50,45
35,30,45
30,25,35
25,20,30
20,15,25
15,10,20
10,6,15
63,10
316
2,50,49
4,49,47
6,47,44
8,44,40
7,40,35
15,35,30
23,30,25
31,25,20
39,20,15
47,15,10
5,10,6
63,6,3
71,31
71,12
69,4,2
6.7.4
65,11,7
66,16,11
58,21,16
50,26,21
42,31,26

[eNeoNeNe]
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34,36,31

26,41,36
18,45,41
10,48,45
2,50,48
0
0
0
0
INITIAL.IN
20.0 I TREF - Reference temperature used to calculate density, viscosity, latent heat
3.0 I FLAGRG - Flag indicating type of density, viscosity calculations: 1 = referencevalue, 2=T
dependence, 3 =T,C dependence
0.26 I RS - Radius of solute
1.0 I GF - Gain factor used to multiply first termin Dtl
1.0 I TF - Factor used to mulitply tortuosity
0.0 I FDTL2 - Factor used to multiply second term in Dtl
0.1 I FDCL?2 - Factor used to mulitply second term in Dcl
0.5 I SCALE
1.0 I OMEGA
100000. .001
101
00 10
10000000 1.0
101
5
0
0
1 -05
50 -05
-1 -1
1 20.00
50 20.00
101
1 0.00000
50 0.00000
101
13
1
5
1
2
3
4
5.
7
8
9
10.
25
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50
10

13
18
23
28
33
38
43
47
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APPENDIX 6. MODEL INPUT FILE IN CASE 4 VALIDATION (WATER-HEAT-SOLUTE TRANSPORT)

ELEMEN

T.IN

NASSAR Model - water-heat-sol ute transport in moist,salinized horizontal column
0 72

48 46 49 48
43 44 47 39
42 38 43 42
34 35 39 41
33 29 34 33
36 37 41 32
24 20 25 24
27 28 32 23
26 22 27 26
18 19 23 14
17 13 18 17

0.0080
0.0060
0.0060
0.0040
0.0020
0.0000
0.0080
0.0060
0.0040
0.0020
0.0000
0.0000
0.0020

0.0000
0.0156
0.0311
0.0311
0.0311
0.0311
0.0933
0.0933
0.0933
0.0933
0.0933
0.1089
0.1400

PROPERTY.IN

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
9 0.229
10 0.229
11  0.229
12 0.229
13 0.229
14 0.229
15 0.229
16 0.229
17 0.229

oO~NO O~ WNE

0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229
0.229

50

49 50
35 40
43 46
37 42
34 38
28 33
25 29
19 24
27 31
10 15
18 22

0.0060
0.0080
0.0080
0.0060
0.0040
0.0020
0.0000
0.0080
0.0060
0.0040
0.0020
0.0020
0.0000

46 43
39 40
38 34
41 42
29 25
32 33
31 27
23 24
22 18
14 15

0.0000
0.0311
0.0467
0.0467
0.0467
0.0467
0.0467
0.1089
0.1089
0.1089
0.1089
0.1244
0.1400

47
44
39
45
30
37
32
28
23
19

46
45
38
37
29
28
31
19
22
21

47
42
39
33
30
24
32
15
23
17

0.0080
0.0020
0.0000
0.0080
0.0060
0.0040
0.0020
0.0000
0.0080
0.0060
0.0040
0.0040

49
46
43
38
34
29
36
20
27
22

0.0156
0.0000
0.0000
0.0622
0.0622
0.0622
0.0622
0.0622
0.1244
0.1244
0.1244
0.1400

0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.
0.5857 1.546 0.05 0.67 0.480 0.0000 O.

0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.

0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.
0.5857 1.546 0.05 0.67 0.480 0.0000 0.

43 39 44
45 46 48
34 30 35
37 38 42
36 32 37
28 29 33
27 23 28
19 20 24
18 14 19
21 22 26
13 9 14 13 14 18 9 6 10
9 10 14 16 12 17 16 17 21 12 8 13 12 13 17
8 59 8 913 5 3 6 56 911 7 12
11 12 16 7 4 8 7 8 12 4 2 5 4 5 8
213 2 35

0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002

0.0040
0.0040
0.0020
0.0000
0.0080
0.0060
0.0040
0.0020
0.0000
0.0080
0.0060
0.0000

101
101
1.01
101
101
101
101
101
101
1.01
101
1.01
1.01
1.01
101
1.01
1.01

0.0000
0.0156
0.0156
0.0156
0.0778
0.0778
0.0778
0.0778
0.0778
0.1400
0.1400
0.1244

1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00

O00000DO0ODOD0O0OOo0OO0OO0OOoOOo

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
0.686 0.2140.1e-7
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18 0229 0.229
19 0.229 0.229
20 0.229 0.229
21 0229 0.229
22 0229 0.229
23 0229 0.229
24 0229 0.229
25 0229 0.229
26 0229 0.229
27 0229 0.229
28 0229 0.229
29 0229 0.229
30 0229 0.229
31 0229 0.229
32 0.229 0.229
33 0.229 0.229
34 0229 0.229
35 0229 0.229
36 0.229 0.229
37 0.229 0.229
38 0229 0.229
39 0.229 0.229
40 0.229 0.229
41 0.229 0.229
42 0.229 0.229
43 0.229 0.229
44 0.229 0.229
45 0.229 0.229
46 0.229 0.229
47 0.229 0.229
48 0.229 0.229
49 0.229 0.229
50 0.229 0.229
51 0229 0.229
52 0.229 0.229
53 0.229 0.229
54 0229 0.229
55 0229 0.229
56 0.229 0.229
57 0229 0.229
58 0.229 0.229
59 0229 0.229
60 0.229 0.229
61 0229 0.229
62 0229 0.229
63 0229 0.229
64 0229 0.229
65 0.229 0.229
66 0229 0.229
67 0229 0.229
68 0.229 0.229
69 0229 0.229
70 0229 0.229
71 0229 0.229
72 0229 0.229
! Node#, Kx, Ky,
BOUNDARY.IN
0

26

120

0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857
0.5857

apha N Tr

1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67
1.546 0.05 0.67 0.480 0.0000 0.
1.546 0.05 0.67 0.480 0.0000 0.
1.546 0.05 0.67 0.480 0.0000 0.
1.546 0.05 0.67 0.480 0.0000 0.

0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67
0.67

0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.00000.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 O.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.
0.480 0.0000 0.

0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002
0.0002

1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
101
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01
1.01
1.01
101
1.01

Ts Cps CHC DELT Xo SSA RHOB AL

1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010
1.04 0.0070 0.0010

I Number of specified pressure or moisture values
I Number of moisture flux

Heterogeneous, Anisotropic, 2-Dimensional, Ground-Water Systems with Variable Fluid Density

AT KD

000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
000.00
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DECAY

0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686
0.686

0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.214 0.1e-7
0.2140.1e-7
0.214 0.1e-7

Xsnd Xdt Xcly CMP
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19.02
19.02
19.02
19.02
19.02
8.93
8.93
8.93
8.93
8.93
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I Node #, Moisture flux
!

I Number of specified temperature values
I Node #, Temperature

I Number of convective heat flux nodes
I Number of specified heat flux nodes
I Node #, Heat flux
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25 0

30 0

35 0

0 I Number of specified solute concentration nodes
0 I Number of convective solute flux nodes
26 I Number of specified solute flux nodes
40 0.00 I Node #, solute flux
44  0.00

47 0.00

49 0.00

50 0.00

1 0.00

2 000

4 0.00

7 000

11 0.00

16 O

21 0

26 0

31. 0

36 0

41 0

45 0

48 0

3 0

6 O

10 O

15 0

20 0

25 0

30 0

35 0

26 I Number of boundary nodes
50,49,49 I Boundary node #, adjacent boundary node numbers
49,50,47

47,49,44

44,4740

40,44,44

1,2,2

241

472

7,114

11,7,7

16,21,11

21,26,16

26,31,21

31,36,26

36,41,31

41,45,36

45,48,41

48,50,45

35,30,45
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30,25,35
25,20,30
20,15,25
15,10,20
10,6,15
63,10
3,16
2,50,49
4,49,47
6,47,44
8,44,40
7,40,35
15,35,30
23,30,25
31,25,20
39,20,15
47,15,10
5,10,6
63,6,3
71,31
71,1,2
69,4,2
67,4
65,11,7
66,16,11
58,21,16
50,26,21
42,31,26
34,36,31
26,41,36
18,45,41
10,48,45
2,50,48
0

0
0
0

INITIAL.IN

20.0 | TREF - Reference temperature used to calculate density, viscosity, latent heat
3.0 I FLAGRG - Flag indicating type of density, viscosity calculations: 1 = referencevalue, 2=T
dependence, 3 =T,C dependence

0.25 I RS - Radius of solute

4.1 I GF - Gain factor used to multiply first termin Dtl

10 I TF - Factor used to mulitply tortuosity

1.0 I FDTL2 - Factor used to multiply second term in Ditl

1.0 I FDCL2 - Factor used to mulitply second termin Dcl

0.5 I SCALE

10 I OMEGA

10000000 .002 ! NUMSTEP(ICOUNT),DT(IDT)

101 I EOF
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00 1.0 I TIME(ICOUNT), TFUNC(ICOUNT) Beginning
100000001.0 ! TIME(ICOUNT), TFUNC(ICOUNT) Ending
-1 -1 | EOF

4 | DTMAXX

0 I NTHOUT - write results every Nth time steps
1 I IFLAG 0 = Pressure, 1 = Moisture
1 0144 ! First node, Initial moisture

50 0.144 I Last node, Initial moisture

-1 -1 | EOF

1 10.00 I Start node, Initial temperature

50 10.00 I End node, Initial temperature

-1 -1 | EOF

1 0.79% I Start node, Initial concentration
50 0.794 I End node, Initial concentration

-1 -1 | EOF

20 I NTOUT - number of timesto write results
0.001

0.01 I Writetime 1 (0.1 day)

0.05

0.1

0.2

0.3 I Writetime 2

0.5

0.7

0.9

1.0

11

13

15

25

5.0

10.0

15.

20.0

30.

35.0

10 I Number of nodes to write values
4 I Write node number 4

8

13

18

23

28

33

38

43

47
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